ROTATIONAL MOTION 


2.1 


So far we have learnt kinematics and dynamics of translation motion in which all the particles of a body 
undergo identical motions i.e. at any instant of time all of them have equal velocities and equal accelerations 
and in any interval of time they all follow identical trajectories. Therefore kinematics of any particle of a body 
or of its centre of mass in translation motion is representative of kinematics of the whole body. But when a 
body is in rotational motion, all its particles and the centre of mass do not undergo identical motions. Newton’s 
laws of motion, which are the main guiding laws of mechanics, are applicable to a particle and if applied to a 
rigid body or system of particles, they predict the motion of the centre of mass. Therefore, it becomes 
necessary to investigate how the centre of mass and different particles of a rigid body move when a body 
rotates. 


RIGID BODY 


A rigid body is an assemblage of a large number of material particles, which do not change their mutual 
distances under any circumstance or in other words, the body is not deformed under any circumstance. 


Actual material bodies are never perfectly rigid and are deformed under the action of external forces. When 
these deformations are small enough not to be considered during the course of motion, the body is assumed 
to bea rigid body. Hence, all solid objects such as stone, ball, vehicles etc are considered as rigid bodies while 
analyzing their translational as well as rotational motion. 


ROTATIONAL MOTION OF A RIGID BODY 


Any kind of motion is identified by change in position or change in orientation or change in both. If a body 
changes its orientation during its motion it said to be in rotational motion. 


In the following figures, a rectangular plate is Shown moving in the x-y plane. The point C is its centre of mass. 
In the first case it does not change its orientation, therefore is in pure translation motion. In the second case 


it changes its orientation during its motion. It is a combination of translational and rotational motion. 


New 
orientation 


Original 
orientation 


O X 
Pure Translation Combination of translation and rotation 


Rotation i.e. change in orientation is identified by the angle through which a linear dimension or a straight line 
drawn on the body turns. In the figure this angle is shown by 0. 


Types of Motions involving Rotation 

Motion of body involving rotation can be classified into following three categories. 

I Rotation about a fixed axis. 

II Rotation about an axis in translation. 

Il Rotation about an axis in rotation 
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Rotation about a fixed axis 


Rotation of ceiling fan, opening and closing of doors and rotation of needles of a wall clock etc. come into this 
category. 


When a ceiling fan rotates, the vertical rod supporting it remains stationary and all the particles on the fan 
move on circular paths. Circular path of a particle P on one of its blades is shown by dotted circle. Centres of 
circular paths followed by every particle on the central line through the rod. This central line is known as the 
axis of rotation and is shown by a dashed line. All the particles on the axis of rotation are at rest, therefore the 
axis is stationary and the fan is in rotation about this fixed axis. 


Ceiling Fan Door 


Axis of rotation | 


Axis of rotation 


A door rotates about a vertical line that passes through its hinges. This vertical line is the axis of rotation. In 
the figure, the axis of rotation is shown by dashed line. 


Axis of rotation 
| Axis of rotation 


An imaginary line perpendicular to the plane of circular paths of particles Cie 


of a rigid body in rotation and containing the centres of all these circular 
paths is known as axis of rotation. 


It is not necessary that the axis of rotation should pass through the 
body. Consider a system shown in the figure, where a block is fixed 
on a rotating disc. The axis of rotation passes through the center of 
the disc but not through the block. Cle 


Important observations 
Let us consider a rigid body of arbitrary shape rotating about a fixed 


axis PQ passing through the body. Two of its particles A and B are 


shown moving on their circular paths. 


All its particles, not lying on the axis of rotation, move along circular " 
paths with centres on the axis or rotation. All these circular paths are Q: Axis of rotation 
in parallel planes that are perpendicular to the axis of rotation. 


All the particles of the body undergo same angular displacement in the same time interval, therefore all of 
them move with the same angular velocity and angular acceleration. 


Particles moving on circular paths of different radii move with different speeds and different magnitudes of 
linear acceleration. Furthermore, no two particles in the same plane perpendicular to the axis of rotation have 
same velocity and acceleration vectors. 


Rotation about an axis in translation 


Rotation about an axis in translation includes a broad category of motions. Rolling is an example of this kind 
of motion. 
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Consider the rolling of wheels of a vehicle, moving on straight levelled road. 


The wheel appears rotating about its stationary axle relative to a reference 
frame, attached with the vehicle. The rotation of the wheel as observed 
from this frame is rotation about a fixed axis. Relative to a reference frame 


fixed with the ground, the wheel appears rotating about the moving axle, 
therefore, rolling of a wheel is superposition of two simultaneous but distinct 
motions — rotation about the axle fixed with the vehicle and translation 
of the axle together with the vehicle. 


Rotation about an axis in rotation. 


In this kind of motion, the body rotates about an axis which in turn rotates about some other axis. Analysis of 
rotation about rotating axes is beyond our scope, therefore we shall keep our discussion elementary level only. 


As an example consider a rotating top. The top rotates about b 
Precession of the 
central axis 


Rotation about 


its central axis of symmetry and this axis sweeps a cone about a 
central axis 


vertical axis. The central axis continuously changes its 
orientation, therefore it is in rotational motion. This type of 
rotation in which the axis of rotation also rotates and sweeps 
out a cone is known as precession. 

Another example of rotation about an axis in rotation is a swinging table-fan while running. Table-fan 
rotates about its shaft along which its axis of rotation passes. When running swings, its shaft rotates about 


a certain axis. 
KINEMATICS OF ROTATIONAL MOTION 
Angular Displacement (0) 


When a particle moves in a curved path, the change in the angle traced by its position vector about a fixed 
point is known as angular displacement. 


Unit : radian 

Dimension : M°L°T® i.e. dimensionless. 

Elementary angular displacement is a vector whereas other angular displacements is a scalar. 
Angular Velocity (o) 


The angular displacement per unit time is defined as angular velocity. 


AO 
oed where A0 is the angular displacement during the time interval At. 


. A0 dé , 0,-0, A0 
Instantaneous angular velocity = rae 7d Average angular velocity o,, = t - t TE 


Unit : rad/s 
Dimensions : [M?L?T"1], which is same as that of frequency. 


Instantaneous angular velocity is a vector quantity, whose direction is normal to the rotational plane and 
its direction is given by right hand screw rule. 


If œ be the angular velocity, v the linear velocity and r the radius of path, we have the following relation. 
V-oO0xr 
If n be the frequency then o = Z2nn, If T be the time period then œ = 2z/T. 


The angular velocity of a rotating rigid body can be either positive or negative, depending on whether it 
is rotating in the direction of increasing 0 (anticlockwise) or decreasing 0 (clockwise). 


The magnitude of angular velocity is called the angular speed which is also represented by o. 
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Angular Acceleration (o) 


do 


The rate of change of angular velocity is defined as angular acceleration à d 


Suppose a particle has angular velocity @, & o» at time t, and t, respectively 


Q5 70, 
t;-t 


then average angular acceleration, & = 


It is a vector quantity, whose direction is along the change in direction of angular velocity. 
Unit : rad/s? 
Dimensions : M°L°T? 


Relation between angular acceleration q and tangential acceleration a, is a, 2 à xr 
Radial or normal acceleration, à, = © x V. Its direction is along the radius. 


Net acceleration à-à, +ã, = @x¥+0xv 


Lat] 


Comparison of Linear Motion and Rotational Motion 


Linear Motion Rotational Motion 
(i) If acceleration is 0, (i) If angular acceleration is 0, 
V = constant and s = vt œ = constant and 0 = ot 
(ii) If acceleration a = constant, then (ii) If angular acceleration a = constant, then 
+ + 
jose ERN Qj o= Coto, 
| v-u O9 709 
(b) a= : (b a ; 
(c) v-ucat (c) o = œ + at 
1 2 1 2 
(d) s= ut + pat (d 6 = wt + gat 
(e) v? = u? + 2as (e) @? = o? + 200 
M  Sa&-u- 5n-1 () On = o, + pend) 


(iii) If acceleration is not constant, the above (iii) If angular acceleration is not constant, the above 


equation will not be applicable. In this case equation will not be applicable. In this case 
ds do 
(a) dt (a) o= dt 
dv ds dv do  d?0 do 
= = = V = — = ——_ = OO 
(6) dt dt? ds EO dt d£ do 
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GOLDEN KEY POINTS 


e In a rigid body, angular velocity of any point w.r.t. any other point is constant and is equal to the angular 
velocity of the rigid body. 


Illustrations 
Illustration 1. 
A wheel is rotating with angular velocity 2 rad/s. It is subjected to a uniform angular acceleration 2.0 rad/s?. 
(a) What angular velocity does the wheel acquire after 10 s? 
(b) How many revolutions will it make in this time interval? 


Solution. 
The wheel is in uniform angular acceleration, Hence — 
O=0,+at > Substituting the values of œ, a and t, we have 


o=2+2x10=22 rad/s 
0-0, *i(o, +o)t — Substituting 0, =0 for initial position, and , from above equation, we have 


0=0+4(2+22)10 =120rad. 


In one revolution, the wheel rotates through 27 radians. Therefore the number of complete revolutions n is 


Illustration 2. 


A flywheel rotates with a uniform angular acceleration. Its angular velocity increases from 20x rad/s to 
40r rad/s in 10 seconds. How many rotations did it undergo in this period ? [AIPMT (Mains) 2006] 


Solution 
UO O9 = 0, t at .. 40r = 20r + 10a > a = 2n rad/s? 
o2-o? (40x —(20n)* 1200r? 


angular displacement 0 = NE 2x25 SNO 300r rad 


Illustration 3. 


If the position vector (r) of a point is (i +2) +3k) m and its angular velocity (c) is (i a j +k) rad/s, then 


find the linear velocity of the particle. 


Solution 
ij k 
Linear velocity 9 = oóxr-1 -1 1 -(-5i-2j-3k) m/s. 
12 3 
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Illustration 4. 


Bo 42 
A particle starts rotating from rest according to the formula 0 = 20 3 radian. Calculate — 
(a) the angular velocity at the end of 5 seconds. 
(D ^ angular acceleration at the end of 5 seconds. 
Solution 
p" qe 3 : 
(a) Angular velocity œ = P = E: s E x 3t? 5x2 = 2973 


Angular velocity at the end of 5 seconds 


= 3x5 x5- 2x5 = E - 5 = 11.25 - 3.33 = 7.92 rad/s. 
do d|? 2t 9 2 Æ 2 
(b) Angular acceleration : a = m ES d = 20 x 2t 3 ^ 19 3 
9x5 


Angular acceleration at the end of 5 seconds : a = 


2 
— — = — = 2 
10 3 4.5 — 0.67 = 3.83 rad/s2. 
Illustration 5. 


A wheel of perimeter 220 cm rolls on a levelled road at a speed of 9 km/h. How many revolutions does 
the wheel make per second ? 


Solution 


25 
Frequency n = = = = B i = 29 rev/s = 1.136 rev/s. 


Illustration 6. 


A rigid lamina is rotating about an axis passing perpendiuclar to its plane through point O as shown in 
the figure. 


(0-10 rad/s 
The angular velocity of point B w.r.t. A is 
(A) 10 rad/s (B) 8 rad/s (C) 6 rad/s (D) 0 
Solution Ans. (A) 


In a rigid body, angular velocity of any point w.r.t. any other point is constant and is equal to the 
angular velocity of the rigid body. 
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rias. 


BEGINNER'S BOX-1 


A disc rotates about a fixed axis. Its angular velocity œ varies with time according to the equation o = at + b. 
Initially at t = O its angular velocity is 1.0 rad/s and angular position is 2 rad ; at the instant t = 2 s, 
angular velocity is 5.0 rad/s. Determine angular position 0 and angular acceleration a when 
t=4s. 


A wheel of radius 1.5 m is rotating at a constant angular acceleration of 10 rad/s?. Its initial angular speed 
60 
is mm. What will be its angular speed and angular displacement at t = 2.0 s ? 


A rigid body rotates about a fixed axis with variable angular speed œ = A - Bt where A and B are constant. 


Find the angle through which it rotates before it comes to rest. 

A car has wheels of radius 0.30 m and is travelling at 36 m/s. Calculate :- 

(a) the angular speed of the wheel. 

(b) If the wheels describe 40 revolutions before coming to rest with a uniform acceleration. 
(i) find its angular acceleration and 
(ii) ^ the distance covered. 


A child's top is spun with angular acceleration a = 4t? — 3t? + 2t where t is in seconds and a is in radians 
per second-square. At t =0, the top has angular velocity œ = 2 rad/s and a reference line on it is at an angular 
position 0, — 1 rad. 

Statement I : Expression for angular velocity o =(2+t? — t? +t*) rad/s 

Statement II : Expression for angular position 0 2 (1-- 2t - 3t? + 4t?) rad 

(A) Only statement-I is true 

(B) Only statement-II is true 

(C) Both of them are true 

(D) None of them are true 

On account of the rotation of earth about its axis :- 

(A) the linear velocity of objects at equator is greater than that at other places 
(B) the angular velocity of objects at equator is more than that of objects at poles 


(C) the linear velocity of objects at all places on the earth is equal, but angular velocity is different 


(D) the angular velocity and linear velocity are uniform at all places 


A fly wheel originally at rest is to attain an angular velocity of 36 rad/s in 6 s. The total angle it turns through 


which it turns in the 6 s is :- 


(A) 54 radian (B) 108 radian (C) 6 radian (D) 216 radian 


A rotating rod starts from rest and acquires a rotational speed n = 600 revolutions/minute in 2 seconds with 


constant angular acceleration. The angular acceleration of the rod is :- 


(A) 10m rad/s? (B) 5r rad/s? (C) 15r rad/s? (D) None of these 
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MOMENT OF INERTIA axis 


The measure of the property by virtue of which a body revolving about an axis Nn m 


2 
d 


opposes any change in rotational motion is known as moment of inertia. J | e m 
The moment of inertia of a particle with respect to an axis of rotation is equal to 


the product of its mass and the square of its distance from the rotational axis. 


I = mr’, r = perpendicular distance from the axis of rotation 


axis 


Moment of inertia of a system of particles ks 
ody 
UE m 
1 
lem is) Pre +.....= Zm’ 
For a continuous body I = | r°dm puc I5. I= [f dm 
ms 
continuous 
Moment of inertia depends on : (a) mass of the body body 


(b) mass distribution of the body 
(c) position of axis of rotation 
Moment of inertia does not depend on :- 
(a) angular velocity (b) angular acceleration (c) torque (d) angular momentum 
UNIT : SI : kg-m? CGS : g-cm? 
Dimensions : [M L'T?] 
As the distance of mass increases from the rotational axis, the moment of inertia (M.I.) increases. 
Moment of Inertia for symmetrical mass distribution 


Ex. : Moment of inertia of a rod about an axis passing through its end and perpendicular to length. If the 
mass of the rod is 'M' & mass of element is dm then 


L i 
[2M Mx T ME PC =f 
I= 1 dm = | x? dx = -——. : 
d L Li3] 3 
Ex. : Moment of inertia of a rod about an axis inclined at an angle ‘0’ with the rod & passing through one 
end. 
r-xsin 0 
L 
SO = [rdm = d sin? 9. dx 
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RADIUS OF GYRATION (K) 


It is the distance from the rotation axis where the mass of the object could be assumed to be concentrated 
without altering the moment of inertia of the body about that axis. 

If the mass m of the body were actually concentrated at a distance K from the axis, the moment of inertia 
about that axis would be mk’. 


I | K has no meaning without axis of rotation | 
K= m K is a scalar ti 
- quantity. 


The radius of gyration has dimensions of length and is measured in appropriate units of length such as meters. 


Ex. : 


2 2 
n f 
if m,=m,=m,....=mthen,M=mn K= fi 2 n = total number of particles 


1 2 3 n 


THEOREMS OF MOMENT OF INERTIA 


Theorem of perpendicular axes (applicable only for two dimensional bodies or plane laminae) 
The moment of inertia (MI) of a plane lamina about an axis perpendicular to its plane is equal to the sum 
of its moments of inertia about any two mutually perpendicular axes in its own plane intersecting each other 
at the point through which the perpendicular axis passes. 


T=] +] 
z x y 


where I = MI of the body about X-axis 
I, = MI of the body about Y-axis 
I, = MI of the body about Z-axis 


It is applicable only for two dimensional bodies and cannot be employed for three dimensional bodies. 


Theorem of parallel axes (for all types of bodies) 


Moment of inertia of a body about any axis is equal to the moment of inertia about a parallel axis passing 


through the centre of mass plus product of mass of the body and the square of the distance between these 
two parallel axes. I = 1,, + Md? 


lo, I-I 4 Md? 


parallel 
axis 
I, = Moment of inertia about the axis passing through the centre of mass. 
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7. MOMENT OF INERTIA OF SOME REGULAR BODIES 


Type of Position of axis Figure Moment of | Radius of 
body of rotation Inertia (I) | gyration (K) 
‘ . A 
(1) Ring (a) | About an axis 
perpendicular quu mE. 
eC to its plane and ume as MR? R 
M - Mass passing through the B 
R = Radius centre 
I, 
(b) | About the diametric axi IMR? R 
out the diametric axis 2 J8 
(c) | About an axis tangential 
to the ring and 2MR? J2R 
perpendicular to its 
plane 
(d) | About an axis tangential 3 MR? 3 R 
to the ring and lying 2 2 
in its plane 
(2) Disc (a) | About an axis passing lug? R 
through the centre and 2 NI 
perpendicular to its SS 4) 
plane 
M = Mass 
R = Radius 
i MR? R 
(b) | About a diametric axis = 
4 2 
í y 
5 
(c) | About an axis tangential 4MR' a 
to the disc and lying 
in its plane 
; : 3.52 3 
(d) | About an axis tangential ;MR of 
to the disc and 
perpendicular to its 
plane 
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Type of Position of axis Figure Moment of | Radius of 
body of rotation Inertia (I) gyration (K) 
2 2 
(3) Annular disc | (a) About an axis passing “Iri ¥ R? | [Ri + R3 
K, 3 through the centre and EFA : 
\ ‘ce 7 perpendicular to the pn 
plane of disc 
M = Mass (b) About a diametric axis Miri " R2] IR? a R? 
R, = Inner Radius 2 
R, = Outer Radius 
(4) Solid Sphere | (à About its diametric axis 9 2 
ZMR? —R 
AS 5 : 
=a 
Ww 
7 yp? 7 
M = Mass (b) About a tangent to the 5 MR zR 
R = Radius Sphere 
"ENT 2 
(5) Thin Hollow (a About its diametric axis 3 MR? 2R 
Sphere 3 
47 
ho d 
(Thin spherical shell) 
M - Mass 
R = Radius 
(Thickness negligible) 5 z 
(b) About a tangent to 3 MR2 3 R 
the sphere 
(6) Thin Rod (a) hs nee pud wad L 
through the centre o 12 42 
Thickness is mass and perpendicular 
negligible to its length 
w.r.t. length 
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Type of 
body 


Position of axis 
of rotation 


Figure 


Moment of 
Inertia (I) 


Radius of 
gyration (K) 


M = Mass 
L = Length 


About an axis 
passing through 
one end and 
perpendicular to 


its length 


ML? 
3 


él 


(7) Thin Hollow 
Cylinder 


M = Mass 
R = Radius 
L = Length 


About its geometrical 
axis which is parallel 


to its length 


MR? 


About an axis which 
is perpendicular to its 
length and passes 
through its centre of 


mass 


R rP 


2 12 


About an axis 
perpendicular to its 
length and passing 
through one end of the 


cylinder 


MR? 2 ML? 
2 3 


(8) Solid Cylinder 
M = Mass 
R = Radius 
L = Length 


About its geometrical 
axis, which is parallel to 


its length 


R 


Si 


About an axis tangential 
to the cylindrical surface 
and parallel to its 


geometrical axis 


=MR* 


~ 


About an axis passing 
through the centre of 
mass and perpendicular 


to its length 
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Type of 
body 


Position of axis 
of rotation 


Figure 


Moment of 
Inertia (I) 


Radius of 
gyration (K) 


(9) Rectangular 


Mb? b 
Plate through its centre of 12 243 
aT mass and perpendicular | ~~~ ^ — d 
to side b in its plane 
M - Mass (b) About an axis passing a 
a = Length through its centre of 248 
b = Breadth mass and perpendicular 


(a) About an axis passing 


to side a in its plane. 


(c) About an axis passing 
a +b? 
12 


through the centre of 


be 
mass and perpendicular 


to its plane 


GOLDEN KEY POINTS 


Moment of inertia is not a vector as direction CW or ACW is not to be specified and also not a scalar as it 


has different values in different directions (i.e. about different axes). It is a tensor quantity. 


If a wheel is to be made by using two different materials then for larger moment of inertia, larger density 
material should lie in the periphery . 
Radius of gyration depends on 

(i) Axis of rotation (ii) Distribution of mass of body 
Radius of gyration does not depend on 

(i) Mass of the body 


(ii) Angular quantities (angular displacement, angular velocity etc.) 


For Symmetrical separation radius of gyration remains unchanged. 


=> K remains unchanged 
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e For asymmetrical separation radius of gyration will change. 


I- AI 
I M M-m 
I- AI 
Eá > K= — K change 
M-m 
Here AI = M. I. of detached mass w.r.t. same axis. 
e For asymmetrical attachment radius of gyration will be changed. 


I+ mr’ 


m 
l| M 9 M 
2 
=> quU > > ke — K change 
M+m 


Illustrations 


Illustration 7. 
Calculate the M.I. of the given particles system about axis a - b and c - d 


Solution. 
L ,- 1x(1? + 2 x(2? + 3 x(3? + 4 x (4? = 100 kg-m? 
I, = 1 x(2)? + 2x (P + 3 x(0)? + 4 x(1)? = 10 kg-m? 


Illustration 8. 
Calculate the moment of inertia about the rotational axis XX' in following figures. 


X 
20 cm 70 cm 100 cm 
fig (a) 3 kg @(0,-4) 


fig (b) (not to scale) 


Solution. (a) I. = 4 x (0.3)? + 1 x (0.8)? = 1 kgm’ 
(b) I. = 4 x (3)? + 2 x (2? + 3 x (4)? = 92 kg-m* 
Illustration 9. 
Four bodies of masses 5 kg , 2 kg, 3 kg, and 4 kg are respectively placed 
at positions (0,0,0), (2,0,0), (0, 3, 0) and (-2, -2, 0). Calculate the moment 


of inertia of the system of bodies about x- axis, y-axis and z-axis respectively. 


Solution. 
I = 3 x(3)? + 4 x(2)? = 43 units 
E. 2 2 — E 
r = 2 x(2)? + 4 x(2y = 24 units 220e 


I = 2 x (2} +3 x G? + 4 x (2/2) = 8 + 27 + 32 


z 


= 67 units (I = I + L = 43 + 24 = 67) 
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Illustration 10. 
Two masses m, and m, are placed at a separation r. Find out the moment of inertia of the system about 


an axis passing through its centre of mass and perpendicular to the line joining the masses. 


Solution. 
«———— r ————À5 
Im, $————9———————9 m; 
d m,r mr : CM : 
m, = myr, andr, c r,-r- rm, = m, +m,’ "27 ee +m, h c CE rro 
2 
M ( mxr \ ( mr ) ( mm, Y, 
Moment of inertia I = mr, + m,r,? = m, ram TUBE = | du 
m, +m, m, +m, m, +m, 
2 mum, 
Note : Here I = ur? where u (reduced mass) = —1—2-. 
m, +m, 


Illustration 11. 
Two identical rods each of mass M and length L are kept according to figure. Find the 
moment of inertia of rods about an axis passing through O and 


perpendicular to the plane of rods. [AIPMT (Mains) 2004] 
Solution 
T MI? 
Moment of inertia of each rod about an axis passing through an end = oo 


I M MI  2MÜÉ 
given system ` 3 * 3 E 3 j 


Illustration 12. 
A uniform wire of length / and mass M is bent in the shape of a semicircle of radius r as shown in figure. 


Calculate moment of inertia about the axis XX' 
Solution. 20 
X X 


Length of the wire / = nr > r= => l= = 


Illustration 13. 
Calculate the moment of inertia of an annular disc about an axis which lies in the plane of the disc and tangential 
to the (i) inner circle and (ii) outer circle. Mass of the disc is M and its inner radius is R, and outer radius is 
R, 

Solution. 


M 
(i) M.I. about an axis tangential to the inner circle is I, = 4 RR + MR; 


M 
(ii) M.I. about an axis tangential to the outer circle is I.,— 4 (R,?+R,”) + MR}? 


Illustration 14. 
The moment of inertia of a sphere is 40 kg—m? about its diametric axis. 
Determine the moment of inertia about any tangent. 


Solution. 


Given that = MR’ -40 = MR? = 100 kg-m’. 


By theorem of parallel axes, 


2 


7 
2 2 
I = Ll, + MR? = 5 MR + MR‘ = 


5 MR?’ = : x100 = 140 kg-m*. 
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Illustration 15. 
Four rods are arranged in the form of a square. Calculate the moment of inertia 
of the system of rods about an axis passing through the centre and perpendicular 
to the plane of the square (Assume that each rod has a mass M and length L) 
Solution. 
From parallel axes theorem, 


2 2 4 
I= 4L, + am(£) - (NE) sq. Se 
2 12 4 3 


Illustration 16. 
Calculate the moment of Inertia of a semicircular disc of mass M and radius R about an axis passing through 
its centre and perpendicular to its plane. 

Solution 
Let us assume a ring of radius ‘r’ & thickness ‘dr’ 


M 2Mrdr 
dm = aR? (xrdr) = "D 
2 


R R R 2 
_ fe, [.22Mr, | 2Mf a,  2M/r* _MR 
[= [rm = fr uo - we dri > l= 2 
Illustration 17. 
The radius of gyration of a solid sphere of radius r about a certain axis is r. Calculate the distance of that 
axis from the centre of the sphere. 


Solution. 


ki 
From paralle axes theorem, ] 
v L= lem + md - mr? = zm +md? Cr) 
ie—d 


> d= or = J056 r. 
Illustration 18. 
Find the moment of inertia of the ring shown in figure about the axis AB. 
Solution. 
From parallel axes theorem, 
MR? 


3 
le = lų + MR? = + MR? = 5 MR’. 


AB 


Illustration 19. 


Four spheres each of diameter 2a and mass M are placed with their centres 


lying on the four corners of a square of side b. Calculate the moment of inertia 
of the system about one side of the square taken as the axis. 
Solution. 


ABCD is square of side b and four spheres each of mass M and radius a are 
placed at the four corners. Suppose we have to calculate the moment of inertia 
of the system about the side BC as the axis. Therefore the moment of inertia 
of the system (M.I.). 

= M.I. of sphere at A about BC + MI of sphere at B about BC + MI of sphere at C about BC + MI of sphere 


at D about BC = (Zma + Mo] + = Ma’ + = Mat + (Zma + Mb?) - SMa +2Mb* = = M(da? + 5b”). 
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Illustration 20. 


The uniform solid block shown in figure has mass M and edge dimensions a, b, and c. Calculate its rotational 
inertia about an axis passing through one corner and perpendicular to the large faces. 


Solution. 
Use the parallel - axes theorem. The rotational inertia of a rectangular slab about oca 
an axis through the centre and perpendicular to the large face is given by b 
M Cc 
I, = pe +b’) 


A parallel axis through a corner is at distance h = J(a/ 2) +(b/ 2) 


(a? + b?). 


w| = 


M M 
from the centre, so 1-1. + Mh? = 12€ + b?) + 4€ + b?) = 


Illustration 21. 


Four spheres each of mass M and diameter 2a are placed at the corners of square of side b as shown below. 
Calculate the moment of inertia about (a) axis BB' (b) axis AA' 
Solution. 


(a) Axis BB' passes through the centre and perpendicular to the plane 


ET 2 ud p 2 ow 
ls = 4 xl, + 4M 75 DRE Ma TONLE EM pa P 


(D Axis AA' passes through the centres of the spheres 


b f 2 w 8 
La 4l + EA =4x g Ma’ + 2M-5 = g Ma’+Mb?. 
Illustration 22. 
Three rods are arranged in the form of an equilateral triangle. Calculate the 
M.I. about an axis passing through the geometrical centre and perpendicular 
to the plane of the triangle (Assume that mass and length of each rod is M 
and L respectively). 


Solution. 


2 
L 2 2 2 
l= 3,,43M x?- EE " am) MÈ MÈ ML? 
Illustration 23. 


Diameter of each spherical shell is R and mass M they are joined 


by a light and massless rod. Calculate the moment of inertia of the 
system about xx' axis. 


Solution. 
2 (RY,|2 BI TN 13 
I -—M +| =M +M(2R} | = —MR?’ + 4MR? = — MR? 
system 3 | 2 E 2 ( ) 3 + 3 
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Illustration 24. 
The moment of inertia of a sphere about its diameter is I. 


Four such spheres are arranged as shown in figure. Find the 
moment of inertia of the system about the axis XX'. (radius 
of each sphere is 2R). 


Solution. 


Unless explicitly mentioned any sphere should be assumed to be solid. 


I-fMCRf or MQR/ -SI O> o das-le2 e MR] + T= 14 2142x3141 91 
Illustration 25. 
x 


Adjoining diagram shows three rings, each of which has a mass M and radius R. 
Find the moment of inertia of this system about the axis XX' 
Solution. 


- MR. 
2 


3 1 
Lus = 2 x Es + Iwer = 2 x 2 MR? + 2 MR? 


Illustration 26. 


Four holes of radius R are cut from a thin square plate of side 4R and mass M. Determine the moment of 
inertia of the remaining portion about Z-axis. 


Solution. 


M = Mass of the square plate before the holes were cut. 


M nM 
R? = 
i| 16 ` 


-. Moment of inertia of the remaining portion, 


Mass of each hole m =| 


M mR? 
41,215 16R" + 16R) ANE "MER - S MR! ~10mR? = m 


l=] 3 


square 


Illustration 27. 


R 
A thin uniform disc has a mass 9M and radius R. A disc of radius 3 is cutoff 


as shown in figure. Find the moment of inertia of the remaining disc about an 


axis passing through O and perpendicular to the plane of disc. 
Solution. 


As the mass is uniformly distributed on the disc, 


9M m IR 
. ' oe Bip el ELI e 
so mass density (per unit area) TR? Mass of removed portion TR? H 


So the moment of inertia of the removed portion about the stated axis by theorem of parallel axes is : 


L-M[RT LM [2RT _ MR’ l 
1= 9/3 3 Do (i) 
R? 
The moment of inertia of the original complete disc about the stated axis is I, then I, = Ma m (ii) 
So the moment of inertia of the left over disc shown in fig. is I, — L. 
ie., I, - I, = 4MR?. 
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10. 


11. 


12. 


BEGINNER'S BOX-2 


Point masses of 1, 2, 3 and 10 kg are lying at the points (0, 0), (2m,0) (0, 3m) and (- 2m, - 2m) respectively 
in x-y plane. Find the moment of inertia of this system about y - axis. (in kg-m?). 


The moment of inertia of a ring and a disc of same mass about their diameters are same. What will be the 
ratio of their radii ? 


Two rings have their moments of inertia in the ratio 4 : 1 and their diameters are in the ratio 4 : 1. Find 
the ratio of their masses. 


Two bodies of masses 1 kg and 2 kg are attached to the ends of a 2 m long weightless rod. This system 
is rotating about an axis passing through the middle point of rod and perpendicular to length. Calculate the 
M.I. of system. 


If the moment of inertia of a disc about an axis tangential and parallel to its surface be I, then what will be 
the moment of inertia about an axis tangential but perpendicular to the surface ? 


A disc is recast into a thin hollow cylinder of same radius. Which will have larger moment of inertia ? Explain. 
Why spokes are fitted in a cycle wheel ? 

A circular disc A of radius r is made from an iron plate of thickness t and another circular disc B of radius 
4r is made from an iron plate of thickness t/4. Find the relation between the moment of inertia I, and Ip. 
A square plate of side / has mass per unit area u. Find its moment of inertia about an axis passing through 


the centre and perpendicular to its plane. 


Three masses m,, m, and m, are located at the vertices of an equilateral triangle of side a. What is the moment 
of inertia of the system about an axis along the median passing through m, ? 


Two rings having the same radius and mass are placed such that their centres are at a common point and 
their planes are perpendicular to each other. Find the moment of inertia of the system about an axis passing 
through the centre and perpendicular to the plane of one of the rings. (M = mass of each ring and R = radius). 


Moment of inertia of a sphere about its diameter is 2/5 MR?. What is its moment of inertia about an axis 


perpendicular to its two diameters and passing through their point of intersection ? 


TORQUE 


Torque is the rotational analogue of force and expresses the tendency of a force applied to an object to cause 
rotation in it about a given point. 

Consider a rod pivoted at the point O. A force F is applied on it at the 
point P. The component F cos0 of the force along the rod is counterbalanced 
by the reaction force of the pivot and cannot contribute in rotating the rod. 
It is the component F sin0 of the force perpendicular to the rod, which is 
responsible for rotation of the rod. Moreover, farther is the point P from 


O, where the force is applied easier it is to rotate the rod. 
This explains why handle on a door is attached as far as possible away from the hinges. 
Magnitude of torque of a force is proportional to the product of distance of point of application of the force 
from the pivot and the magnitude of the perpendicular component F sin0 of the force. Denoting torque by 
symbol t, the distance of point of application of force from the pivot by r, we can write 


T « rF sin 
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Since rotation has sense of direction, torque should also be a vector. 
Its direction is given by the right hand rule. Now we can express torque 


by the cross product of y and p. 


ü-IxF [1] 


The magnitude of torque 
Torque = Force x perpendicular distance of line of action of force from the axis of rotation. 
t= r F sind 


so Moment of force is known as torque 


° Unit of torque : N-m (same as that of work or energy) 

° Dimensions of torque : [MI ?T?] 

° Unit of torque (N-m) cannot be written as joule, because joule is used specifically for work or energy. 
. Couple of forces 


When two forces of equal magnitude act on different points and 
in opposite directions with distinct lines of action these force form 
a couple. This couple tries to rotate body. Moment of couple 


t = Frsin0 = Fb 


° Rotation of a door about a hinge, rotation of grinding wheel about a pivot or unbolting a nut by a 
pipe- wrench can be cited as examples involving torque . These examples represent rotational effects. 


t = constant => Frsin = constant >F = constant 


r sino 


Longer the arm and greater the value of sin0, lesser will be the force required for producing desired 
rotational effect. This fact explains is why, it is much easier to rotate a body about a given axis when 
the force is applied at maximum distance from the axis of rotation and normal to the arm. 


ROTATIONAL EQUILIBRIUM 
A rigid body is said to be in a state of rotational equilibrium if its angular acceleration is zero. Therefore 
a body in rotational equilibrium must either be at rest or in rotation with a constant angular velocity. 


If a rigid body is in rotational equilibrium under the action of several coplanar 
forces, the resultant torque of all the forces about any axis perpendicular to the 
plane containing the forces must be zero. 


In the figure a body is shown under the action of several external 


coplanar forces F,, F,, ...F,, and F.. 
Lip =0 
Here P is a point in the plane of the forces about which we calculate torque of all the external forces acting 


on the body. 


Note : (i) A body cannot be in rotational equilibrium under the action of a single force unless the line 
of action passes through the axis of rotation. 


(ii) If a body is in rotational equilibrium under the action of three forces, the lines of action of the 
three forces must be either concurrent or parallel. 
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10. BENDING OF A CYCLIST ON A HORIZONTAL TURN 


Suppose a cyclist is moving at a speed v on a circular horizontal road of radius r. Consider the cycle and 
the rider together as the system. The centre of mass C (figure a) of the system is going in a circle with the 
centre at O and radius r. 


Mg 


A f D 
(a) (6) 
As seen from a frame rotating with the same angular velocity as the system is in equilibrium 


So F.,=Oandt,, = 0 


t 


for rotational equilibrium 


5-0 = Mg(ap. M 


2 
Thus the cyclist bends at an angle tan" =) with the vertical. 
rg 


GOLDEN KEY POINTS 


° Torque is an axial vector, i.e. Its direction is always perpendicular to the plane containing vector ? and F and 
its direction is determined by the right hand screw rule. 

° Generally positive sign is given to all torques acting to turn a body anticlockwise and a minus to all torques tending 
to turn it clock wise. 

e Wrench with longer handle is more useful than one with shorter handle 

° A rigid body is said to be in equilibrium, if it is in translational as well as rotational equilibrium. To analyze 


such problems conditions for both the equilibriums must be applied. 


(A) (B) 
On tilting, a body will restore its initial position due to torque of weight about the point O till the line of action 
of weight passes through O. Upon on tilting it further a the body topples due to torque of weight about O; 


the line of action of action of weight does not pass through the base. 
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Toppling : 


F 
For the shown situations (A) and (B), more chances of toppling is for 2 


In case of toppling, normal reaction must pass through the end point about which the body topples. . 


Illustrations 
Illustration 28. 


Different forces are applied on a pivoted scale as shown. Which of the following forces will produce torque ? 


Solution. 
F#0, ņ=0 zem, (0) 
(As line of action of force passes from the pivoted point O) F É 
2 ) 3 
F, z 0 and produces t, (Anticlock wise) E 
Lene 
F, # 0 produces t, (Clockwise) } 
F, #0 Produces 1, (Clockwise) F; 


F. z 0, t, = 0; as line of action of force passes from the pivoted point O. 


Illustration 29. 


The body in shown figure is pivoted at O, and two forces act on it as shown. 0 
(a) Find an expression for the net torque on the body about the pivot. 
(b) If r, = 1.30 m, r, = 2.15 m, F, = 4.20 N, F, = 4.90 N, 0, = 75° 
and 0, = 60°, what is the net torque about the pivot? 
Solution 


(a) Take a torque that tends to cause a counter clockwise rotation to be positive and a torque that tends 
to cause a clockwise rotation to be negative. Thus a positive torque of magnitude r,F sin, is associated 


with F, and a negative torque of magnitude r,F, sin0, is associated with F,. Both of these are about 
O. The net torque about O is c«-r,F,sin0, — r,F,sin0, 
(b) Substitute the given values to obtain t = (1.30 m) (4.20 N) sin 75? - (2.15 m) (4.90 N) sin 60° 
= - 3.85 N-m. 


Illustration 30. 


A force 10 (-k) N acts on the origin of the coordinate system. Find the torque about the point 
(1m, -1m, 0). 


Solution. 


Torque :-rxF-[(0- 1) «(015 (0 - OK ] x (-10)k = 10(-i-j) = -10 Ĝ + J) N-m 
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Illustration 31. 


A uniform rod of 20 kg is hanging in a horizontal position with the help of two threads. It also supports 
a 40 kg mass as shown in the figure. Find the tensions developed in each thread. 


Solution. 
Free body diagram of the rod is shown in the figure. Ll 


Translational equilibrium requires 
40 kg 


XB,20 > T, + T, = 400 + 200 = 600 N (i) 
Rotational equilibrium: Applying the condition about A, we get T,. 
yt, =0 > -400(//4) - 200(¢/2) + T = 0 


T, = 200 N 


From equation (i) 


T, = 400 N. 
Illustration 32. a — 5; 
F 
Find the minimum value of F for the block to topple about an edge. b 
Solution. 


When the block is about to topple the normal reaction N shifts to the edge through O. 
N 
FBD during toppling Taking torque about O 


V 


F 
|: M 
/2 a 
SUN F (b) - Mg (3) Blot 


Mg 
Illustration 33. 


A string is wrapped around the rim of a wheel of moment of inertia 0.20 kg-m? and radius £ 


20 cm. The wheel is free to rotate about its axis. Initially the wheel is at rest. The 
string is now pulled by a force of F = 20 N. Find the angular velocity of the wheel 


after 5 s. 


Solution 


Angular impulse 2 change in angular momentum 


(t = lo - 0) > w= 2: .ERt = 20 x 0.2 x5 =100 rad/s 
I I 0.2 
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Illustration 34. 
A fixed pulley of radius 20 cm and moment of inertia 0.32 kg-m? about its axle has a © 


massless cord wrapped around its rim. A 2 kg mass M is attached to the end of 
the cord. The pulley can rotate about its axis without any friction. Find the 


acceleration of the mass M. (Assume g = 10 m/s?) [AIPMT (Mains) 2007] 
Solution. 


For the motion of the block 2g - T=2a 


[| 
For the motion of the pulley t = TR = Ia D 


Ia Ia g 
a — aR Tee = 29 rr i T 
Lo 
2R T 
"T" 10 L0 40 s ug a} Big 
7 0.32 1+4 5 . 
2x02x02 


BEGINNER'S BOX-3 


1. A force F= (i 494 5k) N is acting at a point T = (2i +) +3k) m. Find torque about the origin. 


2. The density of a rod AB increases continuously from A to B. Is it easier to set it in rotation by clamping it 
at A and applying a perpendicular force at B or by clamping it at B and applying the force at A ? Explain 
your answer. 

3. A uniform disc of radius 20 cm and mass 2 kg can rotate about a fixed axis through the centre and perpendicular 
to its plane. A massless cord is round along the rim of the disc. If a uniform force of 2 newtons is applied 
on the cord, tangential acceleration of a point on the rim of the disc will be :- 

(A) 1 m/s (B) 2 m/s? (C) 3.2 m/s? (D) 1.6 m/s? 

4.  Adoor 1.6 m wide requires a force of 1 N to be applied at the free end to open or close it. The force that 
is required to be applied at a point 0.4 m distant from the hinges for opening or closing the door is :- 
(A) 1.2 N (B) 3.6 N (C) 2.4 N (D) 4N 

5. Four equal and parallel forces are acting on a rod (as shown in figure at distances of 20 cm, 40 cm, 60 cm 


and 80 cm respectively from one end of the rod. Under the influence of these forces the rod 


F F 
0 20 40 60 80 
F F 
(A) is at rest (B) experiences a torque 
(C) experiences a linear motion (D) experiences a torque and also a linear motion 
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11. 


A weightless rod is acted upon by upward parallel forces of 2 N and 4 N at ends A and B respectively. The 
total length of the rod AB = 3 m. To keep the rod in equilibrium a force of 6 N should act in the following 


manner: 
(A) downward at any point between A and B (B) downward at the midpoint of AB 
(C) downward at a point C such that AC = 1m (D) downward at a point D such that BD = 1 m 


Figure shows a uniform disc, with mass M = 2.4 kg and radius 
R = 20 cm, mounted on a fixed horizontal axle. A block of mass 
m - 1.2 kg hangs from a massless cord which is wrapped around 
the rim of the disc. The tension in the cord is : 

(A) 12 N (B) 20 N 

(C) 24 N (D) 6 N 

A thin uniform stick of length / and mass m is held horizontally 
with its end B hinged on the edge of a table. Point A is suddenly 
released. The acceleration of the centre of mass of the stick at 
the time of release, is :- [AIPMT (Mains) 2007] 


3 3 2 
48 (B) 78 (C) 7 


(A) 


ANGULAR MOMENTUM 

Angular momentum of a particle 

Angular momentum L, about the origin O of a particle of mass m 
moving with velocity ọ is defined as the moment of its linear 


momentum p -2 my about the point O. 


L, = ¥ x (mv) 


Angular Momentum of a Rigid Body 

Angular momentum is a measure of the quantity of rotational motion in a body. The angular momentum 
of a system of particles is the sum of the angular momenta all the particles forming the system. A rigid body 
is an assemblage of large number of particles maintaining their mutual distances intact under all circumstances. 
Angular Momentum about an axis 


The following figure shows a particle P of a rigid body rotating about the z-axis angular momentum 


dL, «fx (dmv) = r?dmó . It is along the z-axis i.e. axis of rotation. In the next figure total angular momentum 


L, = fal, =1,® about the axis of rotation is shown. It is also along the axis of rotation. 
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Relation between torque & angular momentum 


For a rotating body 


E L da 
L=lo => $- x [~ I is constant] 
dL 


do . 2p em 
le em y= DE = =| 
dt la =T | di a and t à 


The rate of change of angular momentum is equal to the net torque acting on the body. This expression 


d = 
is the rotational analogue of ES =F and hence is referred to as newtons II law for rotational motion. 


Angular Impulse & Angular Impulse-Momentum principle 


If a large torque acts on a body for a small time then angular impulse = idt 


Angular impulse - t, At = AL = change in angular momentum E Tam 


Action of angular impulse is to change the angular momentum. It has same units, dimensions and direction 
as the angular momentum. 
So angular impulse given to a rigid body is equal to the change in its angular momentum. This statement 


is also known as angular impulse-momentum principle. 


GOLDEN KEY POINTS 


Angular momentum is an axial vector. 


As torque (f x F ) is defined as the 'moment of force’, Angular momentum (f x p) is also define as the moment 


of linear momentum. 


In cartesean coordinates, angular momentum is expressed as : Ae 
, 1 ij k 
L=(fxp)=m(?x¥) (. p=mv) = m| (xi + yj + zk) x (vâ + vie v] L-2m|lx y z 
- ^ Á A V. Vy V, 

ie. L2m[i (w,-zv,) —j(xv-zv) +k (xv -yv.)] 


As the magnitude of the angular momentum is L = mvr sin0 
(a) For 02 0° or 180? i.e. r and V are parallel or anti-parallel .. sind = O ; L will be minimum. 
If the axis of rotation is on the line of motion the of moving particle then angular momentum is minimum 
and zero. 
(b) For 0 = 90°, i.e., angular momentum is maximum when 7 and y are orthogonal .. sin 0 = 1 ; L will 
be maximum. 
i.e. in case of circular motion of a particle, angular momentum is maximum and is mvr. 
As |L | = mvr sin so if the point about which angular momentum is to be determined is not on the line 
of motion i.e., 0 + 0 or 180° then |I| ^ 0 i.e., a particle in translatory motion always has an angular momentum 


unless the point is on the line of motion 
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° Direction of angular momentum due to linear motion : 
Imagine your position at the point about which you want to determine the angular 
momentum spread the palm of your right hand along the position vector and curl 
the fingers in the direction of velocity of particle then the thumb of your right hand 
shows the direction of angular momentum (Right hand thumb rule). 
L = mvb(-k) here b =r sin 


L = mvrsino(-k) => L = m(r xy) 
a particle is moving parallel to X-axis or Y-axis or along any straight line with constant velocity then its angular 
momentum about the origin will remain constant. 


Illustrations 
Illustration 35. 


A particle of mass 0.01 kg having position vector r - (101465) metre is moving with a velocity 


5i m/s. Calculate its angular momentum about the origin. 
Solution 
p-me-0.01x5120.05Í =  [-rxp-(0i«6jx0.05i = 0.3(-k)= -0.3k J/s. 
Illustration 36. 
A solid cylinder of mass 20 kg rotates about its axis with angular speed 100 rad/s; the radius of the cylinder 
is 0.25 m. What is the magnitude of the angular momentum of the cylinder about its axis ? 
Solution 
M = 20 kg, œ = 100 rad/s R=0.25m 
Moment of inertia of the cylinder about its axis 


l- SMR’ = 5 *20(0.25)" = 0.625 kg-m? 


Angular momentum L = Im = 0.625 x 100 = 62.5 J-s 

Illustration 37. 
A belt moves over two pulleys A and B as shown in the figure. The pulleys are mounted on two fixed horizontal 
axles. Radii of the pulleys A and B are 50 cm and 80 cm respectively. Pulley A is driven at constant angular 
acceleration of 0.8 rad/s? until pulley B acquires an angular velocity of 10 rad/s. The belt does not slide 


(a) Find the acceleration of a point C on the belt and angular acceleration of the pulley B. 


on either of the pulleys. 


(b) How long does it take for the pulley B to acquire an angular velocity of 10 rad/s ? 
Solution. 
Since the belt does not slide on the pulleys, magnitudes of velocity and acceleration of any point on the 
belt are same as that of any point on the periphery of either of the two pulleys. 
ay —-üxf ac = Qa'a = Opt, 
Substituting r, = 0.5 m, r, = 0.8m and a,- 0.8 rad/s’, 
we have a, = 0.4 m/s? and ag = Sc _ Mata 0.5 rad/s? 
Tg Tp 
Op il Op, 


0-0,-at > t= 
Op 


Substituting o4, 20, o4 = 10 rad/s and a, =0.5 rad/s’, we have t = 20 s 
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rias. 


Illustration 38. 
In the figure, the blocks have unequal masses m, and m, (m, < mj). m, has a 


downward acceleration a. The pulley P has a radius r, and some mass. The string 
does not slip on the pulley. Find the acceleration of block and angular acceleration 
of pulley. (I = moment of inertia of pulley) 


Solution. 


mg mg 


T, - mg- ma ....(1) 
m,g - T, = m,a ....(2) 


Total torque = la 


(T, -TR = la "E 
a = aR (4) 
By Eq. (1), (2) (3) and (4) => a= (mami) g > a -= 
mı +Mo t 
r 


Illustration 39. 


The diameter of a disc is 0.5 m and its mass is 16 kg. What torque will increase its angular velocity from 
zero to 120 rotations/minute in 8 seconds ? 


Solution. 


1 1 0.57 1 
Moment of inertia of the disc I= ;MR' E" 16 x E = Pisas 


Angular velocity œ = a -4nrad/s and change in angular momentum AL = Iw - 0 = Io 
AL 1 1 
-. Angular impulse is x xt = AL > t= i -g*g 4n-4 Nom 


Illustration 40. 


During the launch from a board, a divers angular speed about her centre of mass changes from zero to 
6.20 rad/s in 220 ms. Her rotational inertia about the centre of mass is 12.0 kg-m?. During the launch, what 
is the magnitude of : 


(a her average angular acceleration 
(b) the average external torque acting on her from the board? 
Solution. 


@-@ _ 6.20 rad/s 
t ~ 220x10?s 


(D If I is the rotational inertia of the diver, then the magnitude of the torque acting on her is 


t=la = (12.0 kg.m?) (28.2 rad/s?) = 3.38 x 10? N-m. 


(a) From the kinematic equation o =, + at, we get a = = 28.2 rad/s? 
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Illustration 41. 


A spherical shell has a radius of 1.90 m. An applied torque of 960 N-m gives the shell an angular acceleration 
of 6.20 rad/s? about an axis passing through the centre of the shell. What are 


(a) the rotational inertia of the shell about that axis and (b) the mass of the shell? 


Solution. 


(a) Use x: 2 ]aæ where « is the net torque acting on the shell, I is the rotational inertia of the shell, 


X 960 N-m 
œa 6.20 rad/s’ 


and a as its angular acceleration. This gives I = = 155 kg-m? 


BEGINNER'S BOX-4 


1. 


12. 


If the earth is a point mass of 6 x 10% kg revolving around the sun at a distance of 1.5 x 108 km and in 


time of T= 3.14 x 107 seconds, then the angular momentum of the earth around the sun is :- 

(A) 1.2 x 1075 kg-m?/s (B) 1.8 x 10? kg-m?/s (C) 1.5 x 10? kg-m?/s (D) 2.7 x 10'? kg-m?/s 

If a particle moves along a straight line whose equation is y = mx then what will be its angular momentum 
about the origin ? Explain your answer. 


Two gear wheels which are meshed together have radii of 0.50 cm and 0.15 cm. The number of revolutions 


undergone by the smaller one when the larger goes through 3 revolutions is :- 
(A) 5 revolutions (B) 20 revolutions (C) 1 revolution (D) 10 revolutions 


A uniform circular disc of mass 200 g and radius 4-0 cm is rotated about one of its diameter at an angular 


speed of 10 rad/s. Find the kinetic energy of the disc and its angular momentum about the axis of rotation. 


CONSERVATION OF ANGULAR MOMENTUM (COAM) 


If the angular impulse of all the external forces about an axis vanishes over a certain time interval, then the 


angular momentum of the system about the same axis remains unchanged in that time interval. 


If zj” t,dt 0, we have L, =L; 


-AL L,-L, 1o,-le, _ I(@;-@,) 
T= >Tt= = = 
At At At At 


If the resultant external torque acting on a system is zero then the total angular momentum of the system 


remains constant. 


AL 
If t = 0 then ym 0 > L = constant > LeeL or Lo, = Lo, 
If a system is isolated from its surrounding any internal interaction between its different parts cannot alter its 


total angular momentum. 
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The condition of zero net angular impulse required for conservation of angular momentum can be realised 
in the following cases : 

If no external force acts, the angular impulse about all axes will be zero and hence angular momentum remains 
conserved about all axes. 

If net torque of all the external forces or torques of each individual force about an axis vanishes the angular 
momentum about that axis will be conserved. 

If all the external forces are finite in magnitude and the concerned time interval is infinitely small, the angular 
momentum remains conserved. 

The principle of conservation of angular momentum governs a wide range of physical processes from subatomic 
to celestial world. The following examples explicate some of these applications. 

Examples Based On COAM 

Spinning Ice Skater. 

A spinning ice skater or a ballet dances can control her moment of inertia by extending or folding 
her arms and make use of conservation of angular momentum to perform their spins. In doing so 
no external force is needed and if we ignore effects of friction from the ground and the air, the 
angular momentum can be assumed to be conserved. When she spreads her hands or legs away 
from the spin axis, her moment of inertia increases therefore her angular velocity decreases and 


when she brings her hands or legs closer her moment of inertia decreases and consequently her 


angular velocity increases. 

Student on rotating turntable 

The student with the dumbbells and the turntable make an 
isolated system on which no external torque acts (if we ignore 


friction in the bearings of the turntable and air resistance). 


Initially, the student has his arms stretched. When he draws : 
Larger moment of Smaller moment of 


the dumbbells close to his body, his angular velocity increases inertia and smaller inertia and larger 
angular velocity angular velocity 


due to conservation of angular momentum. 


If a lady skating on ice while spinning folds her 


arms then her M.I. decreases and consequently 


'œ' increases. 


ROTATIONAL KINETIC ENERGY (KINETIC ENERGY OF ROTATION) 


The energy possessed due to rotational motion of a body is known as rotational kinetic energy. 


A rigid body is rotating about an axis with a uniform angular velocity œ. The body is assumed to be composed 
of particles of masses m,, m, ..... 
The linear velocity of the particles are v, = or, , v, = cr, , ........... 


Therefore the total kinetic energy of the rotating body is 


1 1 1 
KE, = gmVi tmi rA pu +m +...)0? -—Io?. 
It is a scalar quantity. 
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1 2 1 4r? 1 2 2 1 v? L.o ]^ 
i ineti KE, - 2Io*^ 2 2I = —MK =—] = = 
Rotational kinetic energy r570 =glxar= 95 ga ag ay 
: . 1 1 
If external torque acting on a body is equal to zero (x = 0), L= constant = E œ 1 MK 
Work and Power in Rotational Motion 
Suppose a tangential force F.. acts on the rim of a pivoted disc [for example, Man applies 


tangential force 
a man rotating a merry-go-round on a play ground, while simultaneously 
running along with it]. The disc rotates through an infinitesimal angle dO 
about a fixed axis during an infinitesimal time interval dt. 


The work done by the force F.. while any point on the rim moves a distance 
ds is dW =F, ds. 

If dO the corresponding is angular displacement, then ds = Rd0 and -. dW = F,, Rd 

Torque due to the force F.. is t = FaR ^. dW = «d0 ....(i) 


Total work W done by the torque during an angular displacement from 0, to 9, is : 
5 
W = f, td@ (work done by a torque) ... (ii) 


If the torque remains constant while the angle changes by a finite amount A0 = 0, — 0, then 
W = t (0,-0,) = TAO (work done by a constant torque) 

Work done by a constant torque is the product of torque and the angular 

displacement. 


Let t represent the net torque on the body so from equation t = Ia. 


assuming the body to be rigid so that its moment of inertia I remains constant, 


Overhead view 
of merry-go-round 


d 


tdo = (lado = 152 do = 15 


0 
e 
di do = lodo 


Since t is the net torque, the integral in equation (ii) yields the total work done on the rotating body. 


W, -fi d E lo? 
buic] s o = 710» 01 


l 
i 2 * 32 


When a torque executes work on a rotating rigid body, the kinetic energy of the body changes by an amount 
equal to the work done. 


Work-energy theorem in rotational motion 


Work done by the torque = Change in kinetic energy of rotation W = zlo Fig? 


2 
The change in the rotational kinetic energy of a rigid body equals the work done by external torques exerted 


on the body. This equation is analogous to equation corresponding to the work-energy theorem applicable 
for a particle. 


Rotational power 
The power associated with the work done by torque acting on a rotating body : 


Divide both sides of equation dW = «d0 by the time interval dt during which the angular displacement d9 occurs. 


dW do o 
dt TE Instantaneous rotational power P, = tw. In general, P, 2 £o. 
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GOLDEN KEY POINTS 


If a system is isolated from its surrounding 
i.e. any internal interaction between different parts of a system cannot alter its total angular momentum. 
Ift 20 then Lo = Lo, 


MK; 2zn, = MK; 2nn, pé I = MK?, o = 2nn) 
=> Kn, =K? n, 
The angular velocity of a planet about the sun increases due to decrease in I when it comes closer to the sun. 


The speed of the inner layers of the whirlwind in a tornado is alarmingly high. 


If external torque on a system is zero, then its angular momentum remains conserved. However the rotational 
kinetic energy is not conserved. 


1 1 1 
5 2 ? zbo LK, =1K,, f1 >l, then K, < K, and vice-versa. 


So if the moment of inertia decreases, the rotational kinetic energy increases in absence of external torque 


2 2 22 2 
Lo, = Lo, >5hoi bo; l x Zhe; =l; x 


and vice versa. 


A body rotating about a fixed axis essentially possesses rotating kinetic energy. 


Moment of inertia of a rigid body about a given axis is numerically equal to twice its rotational kinetic energy 


when it is rotating with unit angular velocity. h = a 
o 


Rotational kinetic energy depends upon the axis of rotation. 


Illustrations 

Illustration 42. 

Two wheels A and B are placed coaxially. Wheel A has BR "e 

. : . ] . rotating 
moment of inertia I, and angular velocity o, while B is iC D pe Cc! a A 
stationary. On clubbing them with a clutch they move jointly ROTATING C | 53 
tati 

by an angular velocity 'o' then find the M.I. of 'B'. ES uU WE. — 

Solution. 


The phenomenon occurs in the absense of external torque, so applying law of COAM, we have 


Lo, -Lo 
"Lo -(-lJ)o =i, = +A ^ 
[o 
IE 
a) 
Illustration 43. 
A cockroach of mass 'm' is moving with velocity v in anticlockwise sense on the rim Cm -R 
— 
of a disc of radius R. The M.I. of the disc about the axis is T and it is rotating in clockwise o cu 
direction with an angular velocity ‘a’. If the cockroach stops then calculate the angular TE ` 
velocity of disc. — 
o ell 
Solution. — 


The phenomenon occurs in the absense of external torque, so applying law of COAM, we have 


Io —mvR 
I, o-mvR=(, + mR?) o0'=> o' = 
disc ( disc ) I ve mR? 
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Illustration 44. 


A solid cylinder of mass 'M' and radius 'R' is rotating along its axis with angular velocity œ without friction. A 
particle of mass 'm' moving with velocity v collides against the cylinder and sticks to its rim. After the impact 
calculate angular velocity of cylinder. 


Solution. 


Initial angular momentum of cylinder = Io 
Before After 


Initial angular momentum of particle = mvR 9 
Before collision the total angular momentum L, = Io + mvR 


After collision the total angular momentum L, = (I + mR’)o! 


L =L, => (I-mR?o' = Ilo+mvR. 


: | Io mvR 
New angular velocity œ' = ———_. 
I+mR 
1 1 1 
Note : Initial kinetic energy of the system = 2 Io?+ 2 mv’. Final kinetic energy of the system = 2 (+mR?)o"” 


Illustration 45. 


Keeping the mass of earth constant if its radius is halved then calculate the duration of the day. 


Solution. 
a a &l Zn 
Lo = Lo, > z MR x T = zM 2 x T 
T 
-Lh-5 -T,224h ~ T, = 6h. 


Illustration 46. 


Explain with reason that if ice melts at polar region then moment of inertia of earth increases, angular velocity 
œ decreases and the duration of the day becomes longer. 


Solution. 


If ice in the polar region melts, the resulting water will flow towards the equator and consequently moment of 
inertia of earth will increase because more mass has accumulated at equator which is at more distant from the 
rotational axis as compared to the poles. 


So from law of COAM if I increases then w decreases. Time period (T) = £T L T increases. 
Q 


Due to increase in time period, the duration of day and night will increase. 
Illustration 47. 


A rotating table has angular velocity 'w and moment of inertia I,. A person of mass 'm' stands on the centre 
of rotating table. If the person moves a distance r along its radius then what will be the final angular velocity 
of the rotating table ? 


Solution. 


The process takes place in the absense of external torque, so law of COAM can be applied, 


Lo 
Initial angular momentum = Final angular momentum I,o, = (I,+mr’?) o, => QE 
1*mr 
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Illustration 48. 
A light rod carries three equal masses A, B and C as shown in the figure. 


What will be the velocity of B in the vertical position of the rod, if it is S me 


released from horizontal position as shown in the figure ? 


p 4 2al 10a? 
(a) 59" B 2 io 53 o) P 


Solution. 
Applying law of conservation of mechanical energy 
Loss in gravitational P.E. = Gain in rotational K.E. i.e., 


| 20 1f (ey (20? ) 
mg; mg (3) +mae = 5 | m( 5) tMg pm ja 


36g 24 |36g 8al 
- = 0 — = 
manday 999399797 


Illustration 49. 


5 
A fly wheel (in shape of ring) of mass 0.2 kg and radius 10 cm is rotating with - rev/s about an axis perpendicular 


to its plane passing through its centre. Calculate the angular momentum and kinetic energy of the fly 
wheel. [AIPMT 2006] 
Solution. 


Angular velocity o = 2x x 2 =10 rad/s 
n 


Moment of inertia I = mr? = (0.2) (0.1)? = 2x 10? kg-m? 
Angular momentum- Io =2 x 103 x 10 = 2x 10? J-s or 2x 10? kg-m?/s 


1 1 
Kinetic energy = 7 lo? =7 X 2x 10?x (10? = 0.1 J. 


Illustration 50. 
A point mass is tied to one end of a cord whose other end passes through a vertical hollow tube, caught 
in one hand. The point mass is being rotated in a horizontal circle of radius 2 m with a speed of 4 m/s. 
The cord is then pulled down so that the radius of the circle reduces to 1m. Compute the new linear and 
angular velocities of the point mass and also the ratio of kinetic energies in the initial and final states. 
Solution. 
The force on the point mass due to cord is radial and hence the torque about the centre of rotation is zero. 
Therefore, the angular momentum must remain constant as the cord is shortened. 
Let mass of the particle be m let it rotate initially in circle of radius r, with linear velocity v, and 
angular velocity œ. Further let the corresponding quantities in the final state be radius r,, linear velocity 
v, and angular velocity @,. 
© Initial angular momentum = Final angular momentum 


Lo, -Lo,2 mê =m => ry, = ry, 
h T» 
ipa ty, 3 ea sns and o, = 2 =8 = 8 rad/s. 
" 1 n 1 
2 
1 2 mr; x Ve 
FinalKE. 2 202 E 2E 3 v; (8 | 4 
Initial K.E. 1 a "NIE ? v A l 
2 1^1 mri x|— 
h 
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Illustration 51. 


A thin meter scale is kept vertical by placing its lower end hinged on floor. It is allowed 


to fal. Calculate the velocity of its upper end when it hits the floor . i 
Solution. 


l 1 1 2 2 
Loss in PE (=) Sgan irons] Kef jam — v - 3g. 
2 2 23 2 
Illustration 52. 


If the rotational kinetic energy of a body is increased by 30096 then determine the percentage increase in its 


angular momentum. 
Solution. 
3 : L, = E: 
Percentage increase in angular momentum = ES E x100 
1 
300 
Now, L - J2IE Eur L x VJE > E, =E and E -E*150F => E, = 4E 


E; -yE V4E - JE 
Increase in angular momentum = ET x100 = “at x 100 = 100%. 
iL. 


JE 


Illustration 53. 


The power output of an automobile engine is advertised to be 200 H.P. at 6000 rpm. What is the corresponding 
torque generated. 
Solution. 


P = 200 HP. = 200 x 746 =1.49x10° W 
& œ= 6000 rev/min = 6000x 7 = 628 rad/s 


_P_ 1.49x10° 
o 628 


= 237.5 N—m 


BEGINNER'S BOX-5 


1. The angular velocity of a body changes from o, to œ, without applying external torque. Then find the ratio 
of initial radius of gyration to final radius of gyration. 

2. A stone is attached to a string and is revolved in a circular path with constant angular velocity c. In this 
state its angular momentum is L. If the length of the string is reduced to half and again it is revolved 
with the same angular velocity o then find its angular momentum. 

3. A thin uniform thin rod of mass m and length / is suspended from one of its ends and is rotated at the rate 
of f rotations per second. Find the rotational kinetic energy of the rod. 

4.  Awheelof moment of inertia 10 kg-m? rotates at the rate of 10 revolutions per minute. Find the work done 
in increasing its speed to 5 times of its initial value. 

5. 


A solid ball of mass 1 kg and radius 3 cm is rotating about its own axis with an angular velocity of 50 radians 
per second. Find its kinetic energy of rotation. 
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14. 


When sand is poured gradually on the edge of a rotating disc, what will be the change in its angular velocity? 
The moment of inertia of a wheel about its axis of rotation is 3.0 MKS units. Its kinetic energy is 600 J. 
Find its period of rotation. 

The moment of inertia of a wheel is 1000 kg-m^. At a given instant, its angular velocity is 10 rad/s. After 
the wheel rotates through an angle of 100 radians, its angular velocity increases to 100 rad/s. Calculate the, 


(a) torque applied on the wheel. (b) increase in the rotational kinetic energy. 


ROLLING MOTION 


When a body performs translatory motion as well as rotatory motion combinedly then it is said to undergo 
rolling motion. The velocity of the centre of mass represents linear motion while angular velocity about the 
centroidal axis represents rotatory motion. 

Total energy in rolling = Translatory kinetic energy + Rotatory kinetic energy. 


Rolling without slipping (Pure rolling) 


Pure rolling 


If the relative velocity of the point of contact of the rolling 
body with the surface is zero then it is known as pure rolling. 


If a body is performing rolling then the velocity of any point 


of the body with respect to the surface is given by 


Contact point 


Pure rotation 


VA E Voy t+ OR = Nas do = Woy 
oR Vom 3 
Vp = Yom + 2 7 Vom + 2 7 2 Yom 
Vo = Vom + 0 = Vem 
oR Vom 3 
LR = aog = gem 
Ve = Vom — OR = Vem 7 Yom =0 
Pure translational Pure rotational Rolling without slipping 
A Vem A oR x A Vent oR22va, 
- Vom 3 
oR IL 
> 
Vom E 
F F F 
E' t lr = 
oR 
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Top 


Pure Translatory motion + Pure Rotatory Motion = Rolling motion Veu 
For pure rolling motion of the above mentioned body, we have 
Va = Woy 
Vz = af? Vom y, Centre of mass 
Ve = X2 Voy 
Vz = O 
Velocity at a point on the rim of a rolling sphere O 
V,a = Jv? + R'o* + 2vRocos0 
——] 
For pure rolling v = Ro » E 
D Ro 
= ale +v? -2v*cos0 = 2v? + 2v? cos0 
5 NN 0 
= J2v* (1 + cos 0) = 2v cos 2 (since 1 + cos0 = 2cos* 5), 
Viet = 2V COS H 
2 
Rolling Kinetic Energy 
Rolling body 


1 1 1 1 V 
Rolling Kinetic Energy E= 5 mv? + 2 lo^ = 2 mv? + 2 mK? E | 


2 


2 
Roling Kinetic Energy E- jn E + =| 


Surface 


Eaton ei 


trans _ = 


E ciun K? E otat E + E) 
R? 


E 


‘translation * E s . E otal 


Solid cylinder 


Hollow cylinder | 1 


Angular momentum of a body in combined translational and rotational motion 
Suppose a body is rotating about an axis passing through its centre of mass with an angular velocity 


2 


©cm and moving translationally with a linear velocity v . Then, the angular momentum of the body 
CM 


about a point P outside the body in the lab frame is given by, Lp = los +T x Pem» Where y is the position 


vector of the centre of mass with respect to point P. Hence, Lp - Lem +FxmV¥on 


3 @ Q Shrivastava Classes, D-27, Near JVTS Garden,Chattarpur Extension 37 
a New Delhi - 110074 
9810934436 , 8076575278 , 8700391727 


15. ROLLING MOTION ON AN INCLINED PLANE 


A body of mass M and radius R is rolling down a plane inclined at an angle 0 with 
the horizontal. The body rolls without slipping. The centre of mass of the body 
moves in a straight line. External forces acting on the body are : 


€ Weight Mg of the body vertically downwards through its center of mass. 
The normal reaction N of the inclined plane. 


€ The frictional force f acting upwards and parallel to the inclined plane. 


For linear motion Mgsin0 - f = Maa, ; For angular motion t = fR = la 
2 2 2 
From the condition for pure rolling asų = aR => Mgsin0 - f = M FR?) - mi ER? | >f= sen 
l MR?) (. R^ 
l+- ] 
CK 
Mgsin0 tano t 
But f <uMg cos0 > T n < uMgcos0 — y 20g > for pure rolling y... = DA 
(a + E m3 3 


Rolling Motion on an inclined plane 
(i) Velocity at the bottom of the inclined plane 
Applying Conservation of mechanical energy principle 


m 


mgh = jm a ale Rolling body 
1 1 v? 
mgh - zwei | s 
2 
mgh = jn t + «| ...(1) Inclined plane 8 
h = s sinO (2) 


When the body slides —=0 


Velocity when the body slides Voicing = ¥2Gh = J2gssin0! = va, > V 


rolling 


(ii) Acceleration of the body 


v? = u? + 2as C u = 0) 


=2as > |Arcting = ——~ 

2 rolling 2 

(E) (E 
R R 


2 


K 
When body slides RC 0 


Acceleration when the body slides aga, = g Sind — Aaa > Aroting 
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(iii) Time taken by the rolling body to reach the bottom 


l o2 2s h 
s 2 i > a’ i sinð 
2s K? 2h K? 1 /2h K? 
trolling = x 1 + 2 = "E 1 + 2 ET 1 + 2 
gsinð R gsin* 0 R sin Y g R 
K? 
When the body slides, [m 0 


2s 2h 1 |2h 
Time of descent when the body slides — ties = gsind = gsin’ 0 = and g 


so lalis 2 t icing 


Note If different bodies are allowed to roll down on an inclined 
plane then the body with 


K2 2 
(i) least RZ will reach first (ii) maximum RZ will reach last 


2 
(ii) ^ equal RZ will reach together. 


Rolling body 
(iv) | Change in kinetic energy due to rolling v, > v, 


Vi 


(v) | Rolling Vs Sliding 


_ V sliding O sliding K? 
V rolling = 2 |? O rolling = “759 |? t =t 14+— 
K K rolling ^ ‘sliding R2 
1 ud 1+ Re 
V oling < V Jiding a. cling < Aiding t oling > t iding 


Comparision between formula of translatory motion and rotatory motion 


Translatory Motion Rotatory Motion 
e F = dp e t= dL 
dt dt 
e F = má s t=la 
° Linear momentum (p), p = mv . Angular momentum (L),[ = Io 
: ; a 1 2 " i : E--I 2 
° Translational kinetic energy, KE = am ° Rotational kinetic energy, E = 2 @ 
. Work done W = F.ṣ (constant force) . Work done W = z. (constant torque) 
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° W = [F.ds Variable force . W= [46 Variable torque 


° Power ° Power 
dW Fs dW zdó .. 
adum = = = SS SS ES TOD 
d: di 5 dt = dt 
° Work-energy theorem ° Work-energy theorem 
1 2 1 2 1 2 1 2 
W = = mv5 -= mv W = —Io5 - Io 
2 2 NN 
° Linear impulse ° Angular impulse 
It is the product of large force and It is product of large torque for small time 
the small time for which it acts for which it acts 
- Ap D 
por ENSE 
At At 
Impulse-momentum theorem Angular Impulse-momentum theorem 
Ap = FAt = Impulse AL = tAt = Angular impulse 


GOLDEN KEY POINTS 


For pure rolling there may or may not be friction on surface. 

On a fixed smooth inclined surface pure rolling cannot sustain. 

The displacement of point of contact with the surface is equal to zero in pure rolling so work done is equal 
to zero. 

Angular momentum is conserved about point of contact in pure rolling. 

For inclined plane : 


(i) Velocity of falling and sliding bodies along an inclined plane are equal and is more than that of a rolling 
body. 


(ii) Acceleration is maximum in case of falling and minimum in case of rolling. 
(iii) ^ Falling body reaches the bottom first while rolling body is the last to reach. 
If different bodies are allowed to roll down an inclined plane then body which has 


2 
— least, => will reach first 


R 


2 
> maximum, RZ will reach last 


2 
—> equal, RZ will reach together 


From the figure ©, < 0, < 0, a <a 


t, >t, >t V 
When a body performs pure rolling then its motion is pure rotatory about an axis passing through the point 
of contact, parallel to the surface and perpendicular to the direction of motion. It is known as the instantaneous 
axis of rotation. 
When a ring, disc, hollow sphere and a solid sphere roll on the same inclined plane then 
Vs > Vp > VIV, 
a, > ap > ay > ak 


t < t< t< ik 
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Illustrations 
Illustration 54. 
A thin hollow cylinder 


(a) slides without rotating with a speed v. (D | rolls with the same speed without slipping. 
Find the ratio of kinetic energies in the two cases. 
Solution 
K2 
For thin hollow cylinder EU 1 [analogous to a as ring] 
1 
(a) EE My? 
ive kK eve 2 
(b) E uns = 3 Mv R? | = 3 Mv (1+1) = Mv 
Liga 
CR LAE P 
Mv? 2 


rolling 
Illustration 55. 
When a sphere of moment of inertia T rolls down an inclined plane then find the percentage of rotational 
kinetic energy of the total energy. 


Solution 
2 
E lw 2 MR? x V. e 
E x100 = 4 —À — «100 = -9— — 8-100 =, x100 = 28.6% 
t Mv? + Io” Mv?|1+—— 1+= 
2 2 2 5 


Illustration 56. 
A solid sphere rolls without slipping on a rough surface and the centre of mass has a constant speed 
v,. If the mass of the sphere is m and its radius is R, then find the angular momentum of the sphere 
about the point of contact. 

Solution 


| Lp=Lon +f X Pem = mð +R x MÜem ; here v, = V 
Since sphere is in pure rolling motion hence o = v,/R 


- L -(Zww a (-k) + MvR (-&) = 2 MvR (-k] 


Illustration 57. 


A body of mass M and radius r, rolling with velocity v on a smooth 


horizontal floor, rolls up a rough irregular inclined plane up to a vertical height 
(3v2/4g). Compute the moment of inertia of the body and comment on its shape? 


Solution 


1 1 1 
The total kinetic energy of the body E = E+E= 5 Mv? + 5 lo? >E = ;Mv [1 + (I/Mr2] [as v = ro] 


When it rolls up on an irregular inclined plane of height h = (3v2/4g), its KE is fully converted into PE, 


2 
so by conservation of mechanical energy ZM 1 "wu - Ma which on simplification gives 
r g 
I = (1/2) Mr?. This result clearly indicates that the body is either a disc or a cylinder. 
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Illustration 58. 


A uniform solid disc of mass 1 kg and radius 1 m is kept on a rough horizontal surface. Two forces of magnitudes 
2 N and 4 N have been applied on the disc as shown in the figure. If there is no slipping then the linear 
acceleration of the centre of mass of the disc is :- 


,2N 


4N 
C 
(A) 4 m/s? (B) 2 m/s? (C) 1 m/s? (D) zero 
Solution 
Taking torque about contact point C we have , t =4 xR-2 x2R =0, Fa =0 
Since ma, -F., a, = 0, 
Illustration 59. 


A horizontal force F acts on a sphere of mass M at its centre as shown. Coefficient of friction between the 


ground and the sphere is u . What is maximum value of F, for which there is no slipping ? 


Cr ana 


Solution 
For linear motion F -f = Ma 


and for rotational motion « = la 


2 a 2 5 
= CMR?. E Ma =—f 
>f.R 5 MR pm 5 Ma or Ma 2 
5 2F F 7 
; mp lt ME T aids E o De eu 
.F-f zi orf 7 - f < uMg (cQ. < uMg so F z uMa. 


BEGINNER'S BOX-6 


1. A ring, a disc and a solid sphere are simultaneously released to roll down from the top of a rough inclined 
plane of height h. Write the order in which these three bodies will reach the bottom ? 


2. A hollow cylinder is rolling down an inclined plane which is inclined at an angle of 30? to the horizontal. 
Find its speed after travelling a distance of 10 m. 


3. A wheel is rotating about a fixed axis. Find the moment of inertia of the wheel about the axis of rotation, 
when its angular speed is 30 radians/s and its kinetic energy is 360 joules. 


4. Two uniform identical discs roll down on two inclined planes of length s and 2s respectively as shown in 
the figure. Find the ratio of velocities of the two discs at the points A and B of the inclined planes ? 


5. 


percent of its total energy. 
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10. 


12. 


|__| BEGINNER'S BOX-1 | 


0 = 22 rad., a = 2.0 rad/s? 


2 


. A 
o = 22 rad/s; 0 = 24 radians 3. 2B 


(a) 120 rad/s; (b) (i) - E rad/s? ; (ii) 247 m 


(A) 6. (A) 
(B) 8. (A) 


|__| BEGINNER'S BOX-2 | 


48 kg-m? 2.12 3.1:4 
6l 
3 Kg-m? 5. 5 


Moment of inertia of a hollow cylinder will be larger 
as compare to a disc because most of the mass of 
the former is located away from the axis of rotation 
as compared to the latter. 


Spoke do not carry much mass. Most of the mass 
is located at the rim. This gives cycle wheel more 


moment of inertia for same mass. 
I, = 64], 


a? 3 
I- g (m2 + mj 11. z MR? 


|__| BEGINNER'S BOX-3 | 


: = lli-7j-5k 

About point B moment of inertia is less than A so it 
is easier to rotate about point B 

(B) 4. (D) 5. (B) 6. (D 
(D) 8. (A) 


a= 


| | BEGINNER'S BOX-4 | 


(D) 


The angular momentum of particle about origin will 
be zero because given straight line passes through 
origin, so line of action of velocity (momentum) also 
passes through this point. 


(D) 
4 x10? J; 8 x 10*J-s 


|__| BEGINNER'S BOX-5 | 


93 L 2 
"m 2. 4 3. am^ nf? 


131.6 J 5. 0.45 J 


Angular velocity will decrease.7. T = 45 


(a) 4.95 x 104 N-m (b) 4.95 x 106 J 


Solid sphere, disc and then ring 


2 7 m/s 3. 0.8 kg-m? 
It will be again = = MR’, because the axis in 
question is also diameter of the sphere. Sed 5. 60 
V2 
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EXERCISE-I (Conceptual Questions) 


KINEMETICS OF ROTATIONAL MOTION 6.  Afly wheelis so constructed that almost whole of 
1. Which of the following pairs do not match :- its mass is concentrated at its rim, because:- 
(1) rotational power-Joule/sec (1) it increases the moment of inertia of the fly- 
wheel 
(2) torque-Newton meter 
(2) it decreases the moment of inertia of the fly- 
(3) angular displacement-radian wheel 
(4) angular acceleration - radian/sec (3) it increases the speed of the fly-wheel 
2. All the particles of a rigid rotating body move in oiimerceses the power ob The diy wheel 
a circular path when the axis of rotation:- 7. The moment of inertia of a solid cylinder about 
(1) passes through any point in the body its own axis is the same as its moment of inertia 
(Djs sitaatea outside the body about an axis passing through its centre of gravity 
and perpendicular to its length. The relation 
(3) situated any where between its length L and radius R is 
(4) passes through the centre of mass 
(1) L-J2R (2 L-J3R 
3. | On account of the earth rotating about its axis :- (3) L = 3R (4) L=R 
(1) the linear velocity of objects at equator is greater 
(hana other plas, 8. The wheels of moving vehicles are made hollow 
in the middle and thick at the periphery, because 
(2) the angular velocity of objects at equator is more (iyibaivesmintrnui monento heate he fr 
than that of objects at poles. 
(2) its shape is a strong one 
(3) the linear velocity of objects at all places at the E ducremes The: Saeed 
earth is equal, but angular velocity is different. 
(4) it increases moment of inertia of tyre 
(4) at all places the angular velocity and linear 
velocity are uniform. 9. Four similar point masses (each of mass m) are 
placed on the circumference of a disc of mass M 
4. The quantity not involved directly in rotational and radius R. The M.I. of the system about the 
motion of the body is normal axis through the centre O will be:- 
(1) moment of inertia 
(2) torque 
(3) angular velocity 
(4) mass 
MOMENT OF INERTIA 1 
OMENT OF INE (1) MR? + 4mR? — (9) ; MR? + 4mR? 
5. |The moment of inertia of a body about a given 
axis of rotation depends upon :- (3) MR? + 5 mR? (4) none of these 
(1) the distribution of mass 
(2) distance of particle of body from the axis of | 19, By the theorem of perpendicular axes, if a body 
rotation be in X-Z-plane then :- 
(3) shape of the body (1) 1, - L =] (2) +I = L 
(4) all of the above (3) I. + I, = L (4) I, + L = I, 
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11. 


12. 


13. 


14. 


15. 


16. 


The theorem of perpendicular axes is not applicable | 17. The moment of inertia of a ring of mass M and 
for determination of moment of inertia along the radius R about PQ axis will be :- 
diameter, for which of the following body :- (1) MR2 
(1) sphere (2) disc (3) ring (4) blade MR? 
The axis X and Z in the plane of a disc are (2) 2 
mutually perpendicular and Y-axis is (3) 3 MR? 
perpendicular to the plane of the disc. If the 2 
moment of inertia of the body about X and Y (4) ZMR* 
i i 2 2 
EE FeSpactiuem SG E and SPEICHER 18. Four point masses (each of mass m) are arranged 
M.I. about Z-axis in kg m? will be :- it the X-Y plane the moment of inertia of this array 
(1) 70 (2) 50 (3) 10 (4) Zero of masses about Y-axis is 
A solid sphere and a hollow sphere of the same (1) ma? 
mass have the same M.I. about their respective (2) 2ma? 
diameters. The ratio of their radii will be :- 
(3) 4ma? 
(1)1:2 2) 9 B (4) 6ma? 
(3) 45:43 (4) 5:4 19. Which of the following has the highest moment 
of inertia when each of them has the same mass 
The moment of inertia of a square lamina about and the same radius ? 
the perpendicular axis through its centre of mass (1) a hollow sphere about one of its diameters 
: E f "e 
is 20 kg-m?. Then, its moment of inertia about an (yasolid sphere about one of dis diamelets 
axis touching its side and in the plane of the lamina . 
. (3) a disc about its central axis perpendicular to the 
will be :- i 
plane of the disc 
r a 4) a ring about its central axi dicular to th 
(3) 40 kg-m? (4) 25 kgm? (4) a ring abou its cen ral axis perpendicular to the 
plane of the ring. 
The M.I. of a thin rod of length ¢ about the 20. Ifthe radius of gyration of a solid disc of mass 10 
perpendicular axis through its centre is I. The M.I. kg about an axis is 0.40 m, then the moment of 
of the square structure made by four such rods about inertia of the disc about that axis is 
a perpendicular axis to the plane and through the (1) 1.6 kg m? (2) 3.2 kg m? 
Centre Wie (3) 6.4 kg m? (4) 9.5 kg m. 
(1) 4I (2) 8I (3) 12I (4) 16I 
21. Ifl, I, and I, are moments of inertia of solid sphere, 
The curve for the moment of inertia of a sphere hollow sphere and a ring of same mass and radius 
of constant mass M versus distance of axis from about geometrical axis, which of the following 
its centre ? statement holds good ? 
(DE oed ol (2) L > o T 
(1) I (3) 1, >I, > I, (4)1,>1,>1, 
22. Three thin uniform rods each of mass M and length 
L are placed along the three axis of a cartesian 
coordinate system with one end of each rod at the 
origin. The M. I. of the system about z-axis is 
I 
ML? 2ML? 
(1) 3 ) 3 
(3) d 
(3) (4) ML? 
6 
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23. 


24. 


25. 


26. 


27. 


28. 


Four particles each of mass m are placed at the 29. Three particles, each of mass m are situated at 
corners of a square of side length /.The radius of vertices of an equilateral triangle ABC of side / 
gyration of the system about an axis perpendicular (as shown in the figure). 
to the square and passing through centre is 7- The moment of inertia of the system about a line 
£ £ AX perpendicular to AB and in the plane of ABC 
1) -5 2) 5 3) ¢ 4 perp p à 
dg €. © MZ will be :- 
The moment of inertia of a rod of mass M and (1) 2 m2 
length L about an axis passing through one edge 5 
and perpendicular to its length will be :— (2) 4m 
MI? ML 3 
oP Ae E (3) 5 me 
ML? 
3 
3) — (4) ML? & 3n 
Piu M M M E 30. A solid cylinder of mass 20kg has length 1 m and 
aluminium so that it acquired maximum moment f : . . 
radius 0.2 m. Then its moment of inertia 
of inertia about geometrical axis. It is possible with: fin ean) boi die geome seis dee 
(1) aluminium at interior and iron surrounded to it. 
(1) 0.8 kg-m? (2) 0.4 kg-m? 
(2) iron at interior and aluminium surrounded to it. 
m T ; (3) 0.2 kg-m? (4) 20.2 kg-m? 
(3) using iron and aluminium layers in alternate order. 
(4) sheet of iron is used at both external surface | 31. Moment of inertia :— 
and aluminium sheet as internal layer. (iia veter naiv Obario 
The moment of inertia in rotational motion is (3) is a tensor quantity (4) can not be calculate 
equivalent to :— 
(1) angular velocity of linear motion 32. The moment of inertia of a circular ring (radius R, 
. . mass M) about an axis which passes through 
(2) mass of linear motion . f f 
tangentially and perpendicular to its plane will be:— 
(3) frequency of linear motion ; 
MR 3 
(4) current (1) (2) MR? (3) 2 MR? (4) 2MR? 
Two rods each of mass m and length £ are joined 33. What is the moment of inertia of ring about its 
at the centre to form a cross. The moment of inertia diameter ? 
of this cross about an axis passing through the 
common centre of the rods and perpendicular to (1) MR? (2) MR? 
the plane formed by them, is :- 2 
3 5 
g? m/* m/? (? 2 MR2 2 MR2 
a oy G^- oF D a 
The ratio of the radii of gyration of a circular disc 34. In the rectangular lamina shown in the figure, 
. um . AB = BC/2. The moment of inertia of the lamina 
about a tangential axis in the plane of the disc and ode 
of a circular ring of the same radius about a is minimum along the axis passing through -- 
tangential axis in the plane of the ring is :— (1) AB 
02:1 2) 45: 6 (2) BC 
(32:3 4) 1:2 (3) EG 
(4) FH 
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35. Which of the following bodies of same mass and | 39. The moment of inertia of a disc of radius 0.5 m 
same radius has minimum moment of inertia ? about its geometric axis is 2kg-m?. If a string is 
(1) Ring tied to its circumference and a force of 10 Newton 
2 Di is applied, the value of torque with respect to this 
(2) Disc axis will be :- 
(3) Hollow sphere (1) 2.5 N-m (2) 5 N-m 
(4) Solid sphere (3) 10 N-m (4) 20 N-m 
TORQUE, EQUILIBRI F RIGID 
pid fe PEREA 9 G 40. Inthe above question, if the disc executes rotatory 
motion, its angular acceleration will be :- 
36. Aring ane a solid sphere of same mass ud radius EAN T (2) 5 rad/sec? 
are rotating with the same angular velocity about 
their diameteric axes then :- (3) 10 rad/sec* (4) 20 rad/sec* 
(1) it is easier to stop the ring 41. In the above question, the value of its angular 
(2) it is easier to stop the solid sphere velocity after 2 seconds will be :- 
(3) it is equally difficult to stop both of them (1) 2.5 rad/sec (2) 5 rad/sec 
(4) it is not possible to stop a rotating body (3) 10 rad/sec (4) 20 rad/sec 
37. Forrotational motion, the Newton's second law of 42. In the above question, the change in angular 
motion ie dicated bo x momentum of disc in first 2 seconds (in Nm second) 
: will be — 
A d (1) 2.5 (2) 5 (3) 10 (4) 20 
(1) o2=02+ 200 (2) F=? 
dt 43. Inthe above question, angular displacement of the 
disc, in first two second will be (in radian) :- 
>a a tas (1) 2.5 (2) 5 (3) 10 (4) 20 
(3) T =— (4) Fig = Fi 
t 44. A particle of mass m and radius of gyration K is 
rotating with an angular acceleration a. The torque 
38. In the fig. (a) half of the meter scale is made of acting on the particle is 
wood while the other half of steel. The wooden MET : 
part is pivoted at O. A force F is applied at the (1) jm = (2) mK’a 
end of steel part. In figure (b) the steel part is B I. 22.5 
—mK 
pivoted at O' and the same force is applied at the SERES (4) 4 iode 
modem end b Ronan 45. The grinding stone of a flour mill is rotating at 
Weng SEE] SEA vea 600 rad/sec. for this power of 1.2 k watt is used. 
7 Ei NS the effective torque on stone in N-m will be :— 
7 7 NWN 01. 02 33 @4 
F F 
b 
(e) (b) 46. A rigid body is rotating about an axis. To stop the 
(1) more angular acceleration will be produced rotation, we have to apply :- 
in (a) (1) pressure (2) force 
(2) more angular acceleration will be produced (3) momentum (4) torque 
in (b) 47. A wheel has moment of inertia 5 x 10? kg m? 
(3) same angular acceleration will be produced and is making 20 rev/sec. The torque needed to 
in both conditions stop it in 10 sec is ............. x 107? Nam :- 
(4) information is incomplete (1) 2n (2) 2.5n (3) 4n (4) 4.5n 
a Q Shrivastava Classes, D-27, Near JVTS Garden,Chattarpur Extension 47 


New Delhi - 110074 
9810934436 , 8076575278 , 8700391727 


48. 


49. 


50. 


51. 


52. 


53. 


A wheel having moment of inertia 2 kg-m? about 
its vertical axis, rotates at the rate of 60 rpm about 
the axis. The torque which can stop the wheel's 
rotation in one minute would be :- 


T T 


(1) 12 N-m (2) 15 N-m 
(3) igh-m (4) Nem 


A constant torque acting on a uniform circular wheel 
changes its angular momentum from A, to 4 A, 
in 4 seconds. The magnitude of this torque is :— 


3A, 
0) ^ (2) A, 
(3) 4A, (4) 12 A, 


The torque of force F = 21 - 3j 4k newton acting 


ata point f 2 314 2j 4 3k metre about origin is :- 
(1) 61i-6j« 12k N-m 


(2) -61+6j}-12k N-m 


54. 


55. 


A force F=2}-3k acts on a particle 


i = 0.5j-2k . The tora z acting on the particle 
co-ordinates 


relative to a point with 


(2.0 m, 0, -3.0 m) is 


(1) (-3.0i-4.5j-k)N-m 


(2) (31 «6j -E)N-m 


(3) (-20î + 4.0j - )N -m 


(4) (-1.51- 4.0j - FN -m 

If a ladder is not in balance against a smooth 
vertical wall, then it can be made in balance by :- 
(1) Decreasing the length of ladder 

(2) Increasing the length of ladder 

(3) Increasing the angle of inclination 


(4) Decreasing the angle of inclination 


ANGULAR MOMENTUM 


(3) 171-6j-13k N-m 56. The graph between the angular momentum J and 
angular velocity for a body will be :- 
(4) -171+6}+13k N-m 
When constant torque is acting on a body then :— 1 T 
J 
(1) body maintain its state or moves in straight line (1) (2) J 
with same velocity 
0— (m 
(2) acquire linear acceleration 
(3) acquire angular acceleration 
(4) rotates with a constant angular velocity 
If torque on a body is zero, then which is conserved: (3) J NC (4) J 
(1) force 
> o —- 

(2) linear momentum 
(3) angular momentum . . 

57. When a mass is rotating in a plane about a fixed 
(4) angular impulse point, its angular momentum is directed along 
If I = 50 kg-m?, then how much torque will be (1) the radius 
applied to stop it in 10 sec. Its initial angular speed 
is 20 rad/sec. s- (2) the tangent to orbit 
(1) 100 N-m (2) 150 N-m (3) line at an angle of 45° to the plane of rotation 
(3) 200 N-m (4) 250 N-m (4) the axis of rotation 
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58. 


59. 


60. 


61. 


62. 


63. 


64. 


A ring of mass 10 kg and diameter 0.4 meter is | 65. A body of mass 10 kg and radius of gyration 0.1 m 
rotating about its geometrical axis at 1200 rotations is rotating about an axis. If angular speed is 10 rad/s, 
per minute. Its moment of inertia and angular then angular momentum will be :— 
momentum will be respectively:- 
(1) 1 kg m?/s (2) 0.1 kg m?/s 
(1) 0.4 kg-m? and 50.28 J-s 
3) 100 kg m?/s 4) 10 kg m?/s 
(2) 0.4 kg-m? and 0.4 J-s Obra (4) 10 kg 
(3) 50.28 kg-m? and 0.4 d-s 66. A particle of mass 1.0 kg is rotating on a circular 
path of diameter 2.0 m at the rate of 10 rotations 
(4) 0.4 kg-m* and zero in 31.4s. The angular momentum of the body, 
The rotational kinetic energy of two bodies of (in kgm?/s) is :- 
aD rs M 
moments of ineritia 9 kg-m? and 1kg-m are same. (1) 1.0 (2) 1.5 (3) 2.0 (4) 4.0 
The ratio of their angular momentum is :- 
(1) 3:1 (2) 1:3 67. A particle of mass m is rotating in a plane in a 
circular path of radius r. Its angular momentum is 
(6) 221 (41:9 L. The centripetal force acting on the particle is 
A fan of moment of inertia 0.6 kgm? is to run upto j 4 2 2 
a working speed of 0.5 revolution per second. (1) E (2) Em (3) ; (4 3 
Indicate the correct value of the angular momentum ud r mar scl 
of the fan CONSERVATION OF ANGULAR MOMENTUM 
(1) 0.6n kg x metre? ETE metre? 68. Astone attached to one end of string is revolved 
sec sec around a stick so that the string winds upon the 
eee: n — stick and gets shortened. What is conserved ? 
(3) 3x kgx (4) | hax 
sec sec (1) angular momentum 
A body of mass m is moving with constant velocity f 
; i (2) linear momentum 
parallel to x-axis. The angular momentum with 
respect to origin :— (3) kinetic energy 
(1) increases with time (2) decreases with time (@ pene seis TA 
(3) does not change (4) none of above 
I blah T í 69. Arotating table completes one rotation in 10 sec. 
" < iin dI M E and its moment of inertia is 100 kg-m?. A person 
Bun of 50 kg. mass stands at the centre of the rotating 
(1) along the radius vector table. If the person moves 2m from the centre, 
j parallel to the linearomonientüm the angular velocity of the rotating table 
(in rad/sec). will be: 
(3) in the orbital plane : 2n 20x : Qn ne 
(4) perpendicular to the orbital plane (1) 30 30 (3) 3 (4) 2n 
Two bodies have their moments of inertial and 21 | 70. On melting of ice on the pole of the earth, its 
respectively about their axis of rotation. If their moment of inertia will :- 
kinetic energies of rotation are equal, their angular (1) increase (2) decrease 
momentum will be in the ratio :— : 
(3) remain unchanged (4) none of these 
(01:2 (242:1 (B)1:v2 (92:1 71. Ifthe earth loses its atmosphere suddenly, then the 
The rotational kinetic enrgy of a body is K, and duration of day will :- 
its moment of inertia is I. The angular momentum (1) increase 
of body is (2) decrease 
(IK,  (J2/IK, (3) EK. (4) 2K, (3) remain unchanged 
(4) nothing can be definitely said 
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72. 


73. 


74. 


75. 


76. 


71. 


A wheel is rotating about its axis at a constant 
angular velocity. If suddenly an object sticks to it 
on the rim, then its M.I. will :- 

(1) increase 

(2) decrease 

(3) remain unchanged 

(4) nothing can be said 


In the above question, the angular velocity will :- 
(1 
(2 
(3 
(4 


increase 
decrease 
not change 


we SS LS OS 


nothing can be said 


An ant is sitting at the edge of a rotating disc. If 
the ant reaches the other end, after moving along 
the diameter, the angular velocity of the disc will:- 
(1) remain constant 

(2) first decreases and then increases 

(3) first increases, then decrease 

(4) Increase continuously 


The angular momentum of body remains conserve 
if :— 

(1) applied force on body is zero. 

(2) applied torque on body is zero. 

(3) applied force on body is constant. 

(4) applied torque on body is constant. 


A person is standing on the edge of a circular 
platform, which is moving with constant angular 
speed about an axis passing through its centre and 
perpendicular to the plane of platform. If person 
is moving along any radius towards axis of rotation 
then the angular velocity will :— 


(1) decrease (2) remain unchanged 


(3) increase (4) data is insufficient 


A thin circular ring of mass M and radius ‘r is 
rotating about its axis with a constant angular 
velocity w. Four objects each of mass m, are kept 
gently to the opposite ends of two perpendicular 
diameters of the ring. The angular velocity of the 


ring will be :— 
Mo Mo 
Uam (2) M+ 4m 
(M + 4m)o (M + 4m)o 
39 —m —— 9 M+4m 


78. Around disc of moment of inertia I, about its 


axis 


79. 


80. 


81. 


82. 


perpendicular to its plane and passing through its 
centre is placed over another disc of moment of inertia 
I, rotating with an angular velocity o about the same 
axis. The final angular velocity of the combination 


of discs is :— 
(1) o (2) be 
I, +], 
I 
(3) G+hjo (4) 2® 


l Il; 4L 


Rate of change of angular momentum with respect 
to time is proportional to :— 


(1) angular velocity (2) angular acceleration 


(3) moment of inertia (4) torque 


A small steel sphere of mass m is tied to a string 
of length r and is whirled in a horizontal circle with 
a uniform angular velocity 2w. The string is suddenly 
pulled, so that radius of the circle is halved. The 
new angular velocity will be 


(1) 2o (2) 4o (3) 60 (4) 8o 
If the earth were to suddenly contract to half its 


present size, without any change in its mass, the 
duration of the new day will be 


(1) 18 hours (2) 30 hours 

(3) 6 hours (4) 12 hours 

A stone is attached to the end of a string and whirled 
in horizontal circle, then :— 

(1) its linear and angular momentum are constant 
(2) only linear momentum is constant 


(3) its angular momentum is constant but linear 
momentum is variable 


(4) both are variable 


PURE ROLLING AND KINETIC ENERGY 


83. 


A thin rod of length L is suspended from one end 
and rotated with n rotations per second. The 


rotational kinetic energy of the rod will be : 
(1) 2mL?z?n? 


1 

(2) z mL 
2 

(3) 3 mL’n’n? 


1 
(4) 6 mL?r?n? 
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84. 


85. 


86. 


87. 


88. 


89. 


90. 


The rotational kinetic energy of a body is E. In the 


absence of external torque, if mass of the body 
is halved and radius of gyration doubled, then its 
rotational kinetic energy will be :- 


(1) 0.5E (2) 0.25E (3) E (4) 2E 


A particle of mass m is describing a circular path of 
radius r with uniform speed. If L is the angular 
momentum of the particle (about the axis of the circle), 
then the kinetic energy of the particle is 

I2 V2 L? 2 
()—7 Aml (3 4) — 


mr 2mr? m 


A particle performs uniform circular motion with 
an angular momentum L. If the frequency of 
particle's motion is doubled and its kinetic energy 
halved, the angular momentum becomes 


L L 
Qz Q4 BF WZ 
A flywheel is making BRUM revolutions per minute 


T 
about its axis. If the moment of inertia of the 
flywheel about that axis is 400 kgm?, its rotational 
kinetic energy is 


(1 2 x 10° J (2 3 x 10° J 


(3) 5007? J (4 12 x 10° J 


A ring is rolling without slipping. Its energy of 
translation is E. Its total kinetic energy will be :- 


(1) E (2) 2E (3) 3E (4) 4E 


A thin hollow cylinder open at both ends slides 
without rotating and then rolls without slipping with 
the same speed. The ratio of the kinetic energies 
in the two cases is 


A solid sphere of mass M and radius R rolls on 
a horizontal surface without slipping. The ratio of 


rotational K.E. to total K.E. is :— 


(1) 


NID Nje 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


A disc is rolling on an inclined plane without slipping 
then what fraction of its total energy will be in form 
of rotational kinetic energy :— 


(01:3 (21:2 (32:7 (42:5 


A wheel is rolling along the ground with a speed 
of 2 m/s. The magnitude of the linear velocity of 
the points at the extermities of the horizontal 
diameter of the wheel is equal to 


(1) 2/10 m/s (2) 243 m/s 
(3) 2/2 m/s (4) 2 m/s 


If rotational kinetic energy is 5096 of total kinetic 
energy then the body will be :- 


(1) ring (2) cylinder 


(3) hollow sphere (4) solid sphere 


A ball rolls without slipping. The radius of gyration 
of the ball about an axis passing through its centre 
of mass is K. If radius of the ball be R, then the 
fraction of total energy associated with its rotational 
energy will be :— 


K? +R? K? 
(1) (2) 
K? R? 
(3) K? +R? (4) K? +R? 


If the angular velocity of a body rotating about an 
axis is doubled and its moment of inertia halved, 
the rotational kinetic energy will changed by a 
factor of :- 
(1) 4 (2) 2 


(3) 1 (4) 1/2 


If a sphere is rolling, the ratio of its rotational energy 
to the total kinetic energy is given by 
(1)7:10 (22:5 (3)10:5 (42:7 


A person, with outstretched arms, is spinning on a 
rotating stool. He suddenly brings his arms down to 
his sides. Which of the following is true about system 
kinetic energy K and angular momentum L ? 


(1) Both K and L increase. 

(2) Both K and L remain unchanged. 
(3) K remains constant, L increases. 
) 


(4) K increases but L remains constant. 
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98. 


99. 


A uniform thin ring of mass 0.4 kg rolls without 
slipping on a horizontal surface with a linear 
velocity of 10 cm/s. The kinetic energy of the 


A body is rotating with angular momentum L. 
If Iis its moment of inertia about the axis of rotation, 
its kinetic energy of rotation is :- 


toa 1 
(1) 2 IL (2) zL 

1 1? 
(3) zl /L) (4) E 


ROLLING MOTION ON AN INCLINED PLANE 


100. 


101. 


102. 


A disc rolls down a plane of length L and inclined 
at angle 0, without slipping. Its velocity on reaching 
the bottom will be :- 


4gL sin 0 2gL sind 
(1) V3 (2) 3 
(3) Oak sin 0 


A spherical shell and a solid cylinder of same radius 


(4) JAgL sin 


rolls down an inclined plane. The ratio of their 


accelerations will be:- 
(1) 15 : 14 (2) 9 : 


(4 3:5 


10 
(3) 2:3 
A ring takes time t, and t, for sliding down and 


rolling down an inclined plane of length L 
respectively for reaching the bottom. The ratio of 


p and t, is :- 
(D42: 1 (2) 1: 42 
(331:2 (42:1 


103. A solid sphere is rolling down on inclined 
plane from rest and a rectangular block of same mass 


104. 


105. 


106. 


107. 


is also slipping down simultaneously from rest on 


a similar smooth inclined plane. 


(l)both of them will reach the bottom 


simultaneously 
(2) the sphere will reach the bottom first 
(3) the rectangular block will reach the bottom first. 
(4) depends on density of material 
Calculate the ratio of the times taken by a uniform 
solid sphere and a disc of the same mass and the 


same diameter to roll down through the same 


distance from rest on a inclined plane. 


(1) 15 : 14 (2) J15 : v14 
(3) 15? : 14? (4) J14 : J15 


A body of mass m slides down an incline and 
reaches the bottom with a velocity v. If the same 
mass were in the form of a ring which rolls down 
this incline, the velocity of the ring at the bottom 
would have been 


(2) y J2 


V 2 
8) 4 e) 


When a sphere of moment of inertia I rolls down 
on an inclined plane the percentage of total energy 
which is rotational, is approximately 

(1) 28 96 

(2) 72 96 

(3) 100 96 

(4) none of these 

When a body starts to roll on an inclined plane, 
its potential energy is converted into 

(1) translational kinetic energy only 

(2) translational and rotational kinetic energy 
(3) rotational energy only 


(4) none 


52 
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108. 


A solid cylinder of mass M and radius R rolls without 


slipping down an inclined plane of length L and 
height h. What is the speed of its centre of mass 
when the cylinder reaches its bottom :- 


110. A sphere and a disc of same radii and mass are 


rolling on an inclined plane without slipping. a, & 
a, are acceleration and g is acceleration due to 
gravity. Then which statement is correct ? 


(1) /2gh (2) ah (1) a, > a> g (2) g > a, > ay 


(3) a, > g > ay (4) a> a, >g 


(3) Zah (4) JAgh 


109. Which of the following is true about the angluar 
momentum of a cylinder rolling down a slope 
without slipping ? 

(1) Its magnitude changes but the direction remains 
same 

(2) both magnitude and direction change 

(3) only the direction change 

(4) neither change 


EXERCISE-I (Conceptual Questions) ANSWER KEY 
jue. oT] oe a ase pere ror E P3 41157 
An.| 4 | 2 | 1 4 |4]| 1 |2 | 4 / 2/2/21 /3 ^3 | 3 | 4 | 
Que. 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30 | 
Ans.| 2 | 3 | 4 | 4 | 1 | 2 | 2 | 1 | 3 | 1 | 2 | 2 ^ 2 | 2 | 2 | 
Que.| 31 | 32 | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40 | 41 | 42 | 43 | 44 | 45 | 
An.|3 | 4 | 2 | 4 | 4 [2 | 3 | 2/2/31 {2 3 | 2 |2 | 2 | 
Que.| 46 | 47 | 48 | 49 | 50 | 51 | 52 | 53 | 54 | 55 | 56 | 57 | 58 | 59 | 60 | 
Ans| 4 | 1 |2 | 1 [| 3 | 3 |3 | 1 |4 | 3 | 14 | 1 J| 1 | 1 | 
|Que| 61 | 62 | 63 | 64 | 65 | 66 | 67 | 68 | 69 | 70 | 71 | 72 | 73 | 74 | 75 | 
Ans| 3 | 4 | 3 | 3 | 1 |3 | 4 | 1 | 1 | 1 | 2 | 1 ^ 2 | 3 | 2 | 
Que| 76 | 77 | 78 | 79 | 80 | 81 | 82 | 83 | 84 | 85 | 86 | 87 | 88 | 89 | 90 | 
Ans| 3 | 2 | 2 | 4 | 4 | 3 | 3 | 3 | 1 |3 | 4 | 1 ^2 |2 | 3 | 
Que 91 | 92 | 93 | 94 | 95 | 96 | 97 | 98 | 99 | 100 | 101 | 102 | 103 | 104 | 105 | 
Ans| 1 | 3 | 1 | 3 | 2 | 4 | 4 J| 1 j| 4 j 1 j 2 j 2 j| 3 | 4 j| 3 | 
(Que. 106 | 107 | 108 | 109 | 110 | 
(Ans) 1 | 2 | 3 | 1 | 2 | 
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EXERCISE-II (Assertion & Reason) 


Directions for Assertion & Reason questions 


These questions consist of two statements each, printed as Assertion and Reason. While answering 
these Questions you are required to choose any one of the following four responses. 
(A) Ifboth Assertion & Reason are True & the Reason isa correct explanation of the Assertion. 
(B) Ifboth Assertion & Reason are True but Reason is not a correct explanation of the Assertion. 
(C) If Assertion is True but the Reason is False. 
(D) Ifboth Assertion & Reason are false. 

1. Assertion: If earth were to shrink, length of the Reason: A rigid body must be in equilibrium 
day would increase. under the action of two equal and opposite forces. 
Reason: Smaller objects would take more time to (1 A (2) B (3) C (4) D 
complete one rotation around its axis. 7. Assertion : For the purpose of calculation of 
(1) A (2) B (3) C (4) D moment of inertia, body's mass can be assumed 

2. Assertion: Only rotating bodies can have angular ito be concentrated atiis centre of mass. 

tum. 
MN iE . . Reason : Moment of inertia of rigid body about 
Reason : The perpendicular axis theorem only . . . Í 
. : . an axis passing through its centre of mass is zero. 
applicable for the axis passing through the centre 
of mass of the body. (1) A (2) B (3) C (4) D 
(1 A (2) B (3) C (4) D 8. Assertion : Many great rivers flows toward the 

3. Assertion : A couple does not exert a net force equator. The small particle that they carry increases 
on an object even though it exerts a torque. the time of rotation of the earth about its own axis. 
Reason : Couple is a pair of two forces with Reason : The angular momentum of the earth 
equal magnitude but opposite directions acting about its rotation axis Te conserved. 
simultaneously on a body in different lines of action. 

1A 2)B 3JC 4 D 
(1) A (2) B (3)C (4) D (1) (2) (3) (4) 

4. Assertion: The total distance moved by any point 9. Assertion : The spokes near the top of a rolling 
on the periphery of a wheel of radius R along the bicycle wheel are more blurred than those near the 
surface in one revolution is 2xR. bottom of the wheel. 

Reason: In rolling motion of a wheel, every Reason : The spokes near the top of wheel are 
point on its periphery comes in contact with the moving faster than those near the bottom of the 
surface once in one revolution. wheel. 
(1)A (2) B (3) C (4) D (1)A (2) B (3C (4)D 
5. A tion: T ted nut d 

ind s NC ML arene rene 10. Assertion : A wheel moving down a perfectly 

pipe wrench with longer arm. xs m" i RT 
frictionless inclined plane will undergo slipping (not 

Reason : Wrench with longer arm reduces the rolna 
force applied on the arm. i 
(1) A (2)B (3)C (4)D Reason : For pure rolling, work done against 

6. Assertion: The condition of equilibrium for a rigid frictional force is zero. 
body is - (1) A (2) B (3)C (4) D 
Translational equilibrium : X F =0 , (i.e. sum of 11. Assertion :- Angular momentum may not 

necessarily be parallel to angular velocity vector. 
all external forces equal to zero.) 
Reason :- The body may not be symmetrical about 
Rotational equilibrium : 2.8 =0, (i.e. sum of all ite ands of rotation: 
external torques equal to zero.) (1) A (2) B (3) C (4) D 
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Assertion :- As star collapse its angular velocity 
increases. 


Reason :- The mass of star decreases 

(1) A (2) B (3) C (4) D 
Assertion :- Rigid body can be elastic. 
Reason :- If a force is applied on the rigid body, 
its dimension may change. [AIIMS 2017] 
(1) A (2) B (3) C (4) D 
Assertion :- A sharp needle when balanced on 
a edge falls even under a small disturbance. 
Reason :- Small disturbance causes torque in the 


same direction as that of angular displacement. 
[AIIMS 2017] 


(1) A (2) B (3) C (4) D 


Assertion :- A rotating body can be in stable and 
unstable equilibrium. 


Reason :- Moment of inertia is always different 
[AIMS 2017] 


(4) D 


for different axis of rotation. 
(1) A (2) B (3) C 


EXERCISE-II (Assertion & Reason) 


er SUUM HIN ISIN 


16. 


17. 


18. 


19. 


Assertion :- Practically a body rolling on a surface 
will loose its complete K.E. [AIIMS 2017] 


Reason :- Friction will convert its K.E. into P.E. 


of atoms. 

(1) A (2) B (3) C (4) D 
Assertion :- Spin angular momentum is intrinsic 
property of body. [AIIMS 2018] 
Reason :- It doesn't depend on coordinates of 
body. 

(1) A (2) B (3) C (4) D 


Assertion :- Torque on a body can be zero even 
if there is a net force on it. [AIIMS 2018] 
Reason :- Torque and force on a body are always 
perpendicular. 

(1) A (2) B (3) C (4) D 
Assertion :- Torque on a body may be non-zero 
even if net force acting on it is zero. [AIIMS 2018] 
Reason :- Force does not depend on point of 
application, but torque depends on point of 
application. 


(1) A (2) B 


ANSWER KEY 


E ee AE 
[4[|2,112 1|3|4,12,12,2|1|3/|4,1/|,3. 
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